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An Effective Method for Teaching and Understanding Interest Rate Conversions

Practitioners in the finance and legal professions are often required to use return or interest-rate quotes to determine interest charges, present values and future amounts.  Unfortunately, due to government regulations, historical conventions, and many other arcane reasons, interest rates are rarely quoted in a form that can be used directly in basic time-value calculations.  Even more distressing is that many finance and legal practitioners are unaware of the true meaning of the interest-rate quotes they are using – thus resulting in incorrect calculations, an appearance of incompetence, and exposure to legal disputes.  

The purpose of this article is to provide precise explanations of interest-rate quotes and explain how they can be used correctly.  We explain the different quotation methods and outline the circumstances when specific types of rates must be used in particular time-value calculations.  We present a fail-safe method for converting any quoted interest rate into the correct rate to be used for time-value calculations.  We also include discussion of Annual Percentage Rates (APRs) and real (inflation adjusted) versus nominal returns.  Our presentation is intended for finance and legal professionals who require full understanding and correct methodology.  This presentation is also useful for students and professors of finance who are usually only exposed to a cursory discussion of interest-rate converting presented in typical corporate finance textbooks.  

I.
Methods of Quoting Interest Rates

Several terms are used to describe the way an interest rate may be quoted.  Real rates are returns in which interest is quoted in terms of purchasing power; nominal rates are those for which interest is quoted in terms of a currency (e.g., in terms of dollars).  We will concentrate our discussion on nominal interest rates and return briefly to real interest rates at the end of the article.  

Probably the best way to quote an interest rate is as an effective rate. Effective interest rates are returns with interest compounded once over the period of quotation.  For example, an effective annual rate is quoted over a one-year period.  Since it is effective, it is compounded once per year.  An effective monthly rate is quoted over a one-month period.  Since it is effective, it is compounded once per month.  To understand the true cost or return over a quotation period, it is most intuitive and accurate if all rates are expressed as effective rates.  Following this, since most rates are quoted on an annual basis, we would expect effective annual rates to be the predominant quotation specification; unfortunately, effective annual interest rates are rare when examining the rate quotations for most financial contracts and securities.

An interest rate may be quoted as a rate compounded more or less than once over the quotation period.  This is usually due to the conventions or regulations related to the particular financial arrangement.  For example, a loan quoted at 10% per year compounded monthly, has an interest rate quoted on a yearly basis but compounded 12 times over the quotation period.  In this case the quoted rate is not a true-cost effective interest rate; in fact, since compounding occurs more frequently than once per quotation period, this quoted rate understates the true annual cost of the loan.  Often the terms “quoted”, “stated”, or “nominal” are used to describe such rates. The term, “nominal”, in this last case often causes confusion with the previous definition of “nominal” so we will avoid such use.  We will generally use the term “quoted rates” to refer to interest rate quotes and “effective” to refer specifically to rates compounded once per quotation period.

The Truth in Lending and Truth in Saving acts passed in the United States add another dimension to interest rate quotations called the Annual Percentage Rate (APR).  This rate is a quoted rate per year that is adjusted for the net cash flows related to a loan or investment rather than the stated principal and amortized payments. The net cash flows may differ from these stated amounts due to fees, compensating balances, points, etc.  Following the general method for converting interest rates, we will explain the APR calculation and why it is usually not the same as an effective annual rate.

II.
Necessary rates for time-value calculations

Most time-value calculations either involve a single cash flow or a series of cash flows (such as an annuity).  Examples of present-value calculations are given in the two equations below:
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Equation 1 calculates the present value of a single cash flow, C, received in n periods, with slight manipulation, it can also be used to calculate the future value of an amount invested for n periods.  Equation 2 calculates the present value of an annuity with equal cash flows, C, paid each period for n periods.  With slight manipulating, equation 2 can also be used to determine annuity payments, C, for a loan amortization with principal amount equal to the PV.  In both equations, r represents the interest rate used for discounting.  For both of these types of calculations, r must be an effective rate.  

When dealing with a single cash flow as in equation 1, any equivalent
 effective interest rate may be used as long as n is adjusted accordingly.  For example, if we wish to determine the present value of $100 received in 5 years, given an effective interest rate of 10.25% per year (i.e., a rate per year compounded once per year), the following calculation is correct:
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An effective rate of 5% per six months (i.e., per six months compounded once every 6 months) is equivalent to an effective annual rate of 10.25%.
  We can use the effective rate of 5% per six months in our calculation as long as we adjust n, the number of periods to be stated in terms of the rate’s quotation period, i.e., using 5% per 6 months as the effective rate, we use n = 10 six-month periods.
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As long as equivalent effective rates are used and n is stated in terms of the effective rate’s quotation period, the choice of the particular effective rate does not matter.  However, this result only holds when a single cash flow is analyzed and it does not hold true for multiple cash flows such as annuity, perpetuity, or amortization calculations.

The derivations of annuity, perpetuity, and amortization time-value formulas require that the interest rate used be an effective rate and that the quotation period of the rate equal the time period between cash flow payments.  For example, if an annuity has annual payments, then to correctly use formula 2, an effective annual interest rate must be used.  If an annuity has monthly payments, then to correctly use formula 2, an effective monthly rate must be used.

Consider a 20-year loan with an effective annual interest rate of 10.25%.  If the loan had equal yearly repayments of $5,000, then the present value of the payments (or the principal value currently outstanding) would be calculated as follows.
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If the loan had equal semiannual payments of $2,500, then we need to use the effective 6-month rate in the calculation and n = 40 semiannual payments.
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Note:  the two results are indeed different, due to the effect of making payments earlier, demonstrating that the earlier timing of the cash flows is important.  The effective interest rates used (10.25% per year and 5% per six months) are equivalent.

III.
A fail-safe method for converting interest rates

Since effective interest rates are usually not provided when interest rates are quoted but they are needed for time-value calculations, practitioners must understand how to convert between different types of rate quotations.  

The basic principle for conversion of rates is that the effective rate represents the growth in value of a principal amount during an entire period.  With most quote conventions for securities or institutions, an effective rate for the quotation period is not stated; however an effective rate over the compounding period is implicit in the rate quote.  For example, U.S. mortgages are usually expressed as quoted rates per year compounded monthly (e.g., 9% per year compounded monthly), Canadian mortgages are quoted as rates per year compounded semiannually (e.g., 9% per year compounded semiannually); most government and corporate bond returns (yields) are expressed as quoted rates per year compounded semiannually (e.g., 6% per year compounded semiannually).
  The effective rate implicit to the U.S. mortgage quote is actually 0.75% per month (compounded monthly).  For the Canadian mortgage, it is actually 4.5% per six months (compounded semiannually) and the effective rate implicit to the bond quote is 3% per six months (compounded semiannually).  Note:  although the U.S. and Canadian mortgages appear to have the same rate (both have the same 9% amount quoted), the US mortgage is actually more costly because of the more frequent compounding.
  This highlights the importance in contracts to clearly specify not only the rate quotation, but also the terms for compounding.  The following section explains how to handle rate conversions ranging from these simple cases to the most complicated ones.

A. 
Conversions from a given quoted rate to a desired rate quoted with different terms

To be complete and unambiguous, any interest rate quotation or contract must specify the following terms:

· the quoted amount

· the quotation period

· the number of times the rate is compounded during the quotation period (also called the compounding frequency of the quotation)

For example, consider a rate of 20% per year, compounded quarterly.  The quoted amount is 20%.  The quotation period is one year.  The interest is compounded every quarter of the one-year quotation period (so the compounding period is 0.25 years); therefore the compounding frequency is 4 (or 4 times per the one-year quotation period).  To convert to an equivalent interest rate with different quotation terms, we must know the quotation period and compounding frequency of the desired rate, so that we can calculate the desired quoted amount.  Below we explain the concept algebraically.  The Appendix gives several examples that may be useful for practitioners new to this methodology.

To continue our example, suppose we wish to convert our given quoted rate of 20% per year compounded quarterly into a desired quoted rate with a quotation period of 6 months and monthly compounding.  For the purpose of a precise presentation, we must specify the following notation for the quotation terms of our given and desired interest rates:

Given rate (subscript g):

rg = the quoted amount of our given interest rate

Lg = the quotation period from the given interest rate

mg = the compounding frequency of our given interest rate

Desired rate (subscript d)

rd = the quoted amount we need to calculate for our desired interest rate

Ld = the quotation period for the desired interest rate

md = the compounding frequency of our desired interest rate

So, for our example we have the following data for the given rate:

rg = .20 = 20%

Lg = 1 year

mg = 4

and we know the following about our desired rate:

Ld = 0.5 years (or 6 months)

md = 6 (monthly compounding implies the desired rate is compounded 6 times in the half-year quotation period)

Once we have completed the conversion process, we will have solved for the desired quoted rate, rd, which is currently unknown.

Next, we introduce the concept of the implied effective rate.  Given the quotation of any rate, 

we can divide the quoted amount, rg, by the compounding frequency, mg, to get the implied 

effective rate.  The following notation is used for implied effective rates (subscripts ie).

Given-rate implied data:

rieg = the amount of the implied effective rate determined from the given interest rate

Lieg = the quotation period for the given rate’s implied effective rate

Desired-rate implied data:

ried = the amount of the implied effective rate to be determined for the desired interest rate

Lied = the quotation period for the desired rate’s implied effective rate 

By definition for effective rates, the compounding frequency for both rieg and ried must always be exactly 1 (hence notation is not required for these compounding frequencies).

Expressing the process to determine ried in formula form, we divide the quoted amount by the compounding frequency as follows:
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(3)
We find the quotation period for an implied effective rate in a similar manner.
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Taken together, equations (3) and (4a) give us the implied effective rate.  This implied effective rate has a quotation period equal to the compounding period of our original given quoted rate.  For example, with our given quoted rate of 20% per year compounded quarterly, we do the following calculation.


[image: image4.wmf]%

5

05

.

0

4

20

.

0

=

=

=

ieg

r

          and           
[image: image5.wmf]months

 

3

years

 

0.25

4

year

 

1

=

=

=

ieg

L


So our implied effective rate from the given rate is rieg = 5% per quarter (compounded once every quarter since the rate is an effective rate).

Our next step is to convert this implied effective rate, rieg, into an equivalent effective rate with a new quotation period.  We want the new quotation period to equal the compounding period of the desired quoted rate, ried. We have yet to determine how to calculate ried, but, from equation (4b), we know that the quotation period for the desired rate’s implied effective rate is 1 month.
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Next is the process to convert between equivalent effective rates that have different quotation periods.  The following illustration is useful for understanding the method.

Suppose we have $1 invested at time 0 and we are given an effective rate of 1% per month (compounded once per month).  If our goal is to convert the effective monthly interest rate to an effective 6-month interest rate, then we can compound the $1 investment 6 times to determine how much it has grown after 6 months.  The result implies what must be the equivalent effective 6-month interest rate.

Month 
0
1
2
3
4
5
6

                    
├──────┼──────┼──────┼──────┼──────┼──────┤


$1
× (1+.01)
× (1+.01)
× (1+.01)
× (1+.01)
× (1+.01)
× (1+.01)








= $1×(1+.01)6

The result of $1×(1+.01)6 is an amount equal to exactly $1.0615201506 after 6 months.  Therefore, the equivalent 6-month effective rate must be 6.15201506%.  (I.e., $1 grows to the same amount, $1.0615201506, using 1% per month compounded monthly over six one-month periods or using the equivalent 6.15201506% per six months compounded once over the one six-month period.) 

In the above illustration, we converted from the one effective rate to the second effective rate by compounding the given effective rate as many times as required to reach the quotation period of the desired effective rate.  

We can now return to our original example.  Using our notation from above, we can convert our implied effective rate from the given quotation (an effective rate over a 3-month period) to the implied effective rate for the desired quotation (an effective rate over a 1-month period) as follows.
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(5)
Note:  care must be taken to ensure that both Lied and Lieg are expressed in terms of the same units.  In our example, we can express them both in terms of months and do the following calculation.
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To convert the implied effective rate for the desired quotation, ried, to the desired quote amount, rd, we use a variation of equation (3).  Now we multiply the desired rate’s implied effective rate, ried, by the desired rate’s compounding frequency, md, to get the desired quoted rate.
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For our example, applying equation (6) results in the following.
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The process illustrated here will produce accurate interest rate conversions in all cases that practitioners face.
  

After the quotation terms of the given and desired rates are determined, the conversion process is, at most, three steps, illustrated further in the Appendix.

Step 1: 
Determine the given rate’s implied effective rate. 
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Step 2: 
Convert the given rate’s implied effective rate to the desired rate’s implied effective rate. 
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Step 3:
Convert the desired rate’s implied effective rate into the desired quoted rate. 
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In many cases, only one or two steps are necessary.  If the given rate is an effective rate, then step 1 is unnecessary. If the given rate and the desired rate both have the same compounding period (i.e., their implied effective rates have the same quotation period), then step 2 is unnecessary.  If the desired rate is an effective rate, then step 3 is unnecessary.

Many textbooks only indicate the following formula for converting between interest rates.
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(7)
Unfortunately, this formula only accomplishes steps 1 and 2 from our method above and converts the given rate, rS, to an effective rate over the same quotation period as the originally given rate. Hence, while this formula is occasionally useful, it does not handle many of the required interest rate conversions necessary for input into time-value calculations. The three-step method shown above is recommended instead of equation 7 because the three-step method will always be able to get the necessary rate quotation desired.
B.
Conversions to APR’s

The Truth in Lending and Truth in Saving acts passed in the United States require the disclosure of Annual Percentage Rates (APR).  The intention behind APR’s is that the net interest cost is calculated after considering any fees, points, compensating balances, etc., that affect the cash flows of the loan or investment.  In passing the legislation regarding APR’s, legislators failed to require rates to be expressed as effective annual rates, so APR’s are typically quoted on the same terms as is standard for the respective financial instrument. 

To do an APR calculation, the internal rate of return (IRR) of all net cash flows related to a loan or investment must be calculated.   We illustrate the process with the following example.  Suppose a $100,000 mortgage is required for a home purchase.  A mortgage rate of 6% (per year compounded monthly) is available with a 1-point charge.  The mortgage company also requires the borrower to pay a monthly mortgage insurance fee of $10.45.  The mortgage is amortized over 30 years (360 months) but must be renegotiated in 5 years (60 months).  The IRR should be calculated from the following set of cashflows.

	Month:
	0
	
	1
	
	2
	
	3
	
	
	60

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Cash Flow:
	+ net amount borrowed
	
	- net amount repaid


	
	- net amount repaid
	
	- net amount repaid
	
	
	- net amount repaid and refinanced

	
	+$99,000
	
	-$610
	
	-$610
	
	-$610
	
	
	-$93,664.36


We will consider each cash flow in turn.  

The net amount borrowed is affected by the points that are charged.  One point is 1% of the mortgage principal borrowed; in this case it results in a $1,000 charge paid by the borrower at the initiation of the mortgage.  In effect, the borrower has a cash inflow of $100,000 (the amount borrowed that is paid to the vendor of the home) and a cash outflow of $1,000 (the one-point charge assessed with closing costs), so the borrower’s net amount received is $99,000.
  

The mortgage principal of $100,000 is used to calculate the amortization schedule.  A 6% rate per year, as quoted above, (6% per year –  compounded monthly as is standard with US mortgages) results in an effective monthly rate of 0.5%.  So the monthly mortgage payments (based on a 30-year amortization) are $599.55.
  Since the borrower is also required to pay monthly mortgage insurance premiums of $10.45, the net amount repaid each month (months 1 to 59) is $610.

At the end of 5 years, the mortgage must be renegotiated.  In effect, this can be represented by the remaining principal outstanding being repaid (in addition to the final payment).  In reality, the principal outstanding would be refinanced.
  The principal outstanding immediately after the 60th payment will be $93,054.36.
  Thus, the net cash flow at month 60 (including the mortgage payment and the insurance) is -$93,664.36.

Using a financial calculator or spreadsheet to determine the IRR of this stream of cash flows results in an IRR of 0.53090063% (effective monthly rate).  Thus the APR would be 6.37080752% (i.e., 0.53090063 ( 12) as a quoted rate per year with monthly compounding.

Conceptually, the APR calculation is relatively straightforward as long as a good financial calculator or spreadsheet program is available.  In reality, the process is difficult because of ambiguous information regarding loan terms and prepayment or renegotiation options.  Moreover, the APR is not the effective annual rate, as can be seen above.  The effective monthly rate of 0.53090063% would compound to an effective annual rate of 6.5601639%.

The effective annual rate is the true cost of each dollar of principal borrowed for one year.  This is the intuition most people look for when they ask for an interest rate quotation.  The effective annual rate has another advantage in that it can be compared to other interest rates or returns on a standard basis, unlike APRs that may be quoted with differing compounding assumptions.  APRs cannot be compared directly to other APRs quoted with different compounding periods.  For example, suppose an investor wondered whether to pay off a mortgage by cashing in a government bond.  Converting both returns to effective annual rates after income tax (including the transaction costs specified in the APR approach) would provide the correct comparison.  Simply comparing the APRs, though, would be misleading as the mortgage APR will have monthly compounding and the bond APR will have semiannual compounding.

C. 
Nominal to Real Conversions

After mastering effective and quoted rate conventions, practitioners often also need to consider real rates of return.
 As stated in section I, real rates are those where interest is quoted in terms of purchasing power, and nominal rates are those with interest quoted in terms of a currency (e.g., in terms of dollars).  For example, if an investment earned 5% in real terms over the past year, then an investor is able to buy 5% more goods and services at the end of the investment, than was possible a year ago when the initial investment was made.  If an investment earned 10% in nominal terms over the past year, then an investor receives 10% more currency (e.g., dollars) at the end of the investment, compared to the initial amount of currency invested one year ago.  

Practitioners use real rates for time value calculations involving real cash flows (cash flows that are expressed in today’s purchasing power, i.e., the effects of inflation have been removed).  For example a personal-injury lawsuit settlement may call for the defendant to purchase a real-return bond for the plaintiff.  The real-return bond will generate annual income providing constant purchasing power to the defendant for the remainder of his/her life.  If the constant purchasing power is expressed in terms of the amount that cash today can purchase, then the future annual income amounts are constant real cash flows and the effects of inflation have been factored out.  By using equation 2 with both the cash flows and discount rate expressed as real amounts, the required investment in the real-return bond can easily be calculated as the present value of a series of constant real cash flows.  In fact, in any situation where a recurring cost or revenue is expected to rise with inflation, it is simpler to determine what is the appropriate real rate and then apply time value formulas to the recurring constant real cash flows.

The nominal rate of return is not usually equal to the real rate of return because inflation erodes the purchasing power of currencies.  Consider our nominal rate of 10% and an initial investment of $10,000.  Also suppose that inflation over the year was 4%.  At the end of the year, the investment would have grown to $11,000.  Suppose a basket of goods
 had a cost of $100 at the beginning of the year.  Given 4% inflation, the same basket of goods now has a cost of $104 at the end of the year.  Now consider how the investor’s purchasing power has changed.  At the beginning of the year, the investor could have purchased 100 baskets of goods (calculated as $10,000 ÷ $100/basket).  At the end of the year, the investor can purchase $11,000 ÷ $104/basket = 105.7692308 baskets.  So, in terms of purchasing power, the investment caused the investor to forgo consuming 100 baskets of goods at the beginning of the year and now allows the investor to consume 105.7692308 baskets at the end of the year.  Thus, the return in terms of purchasing power is 5.7692308%.

We can illustrate the nominal and real return calculations on the following timelines.

Let r represent the nominal rate of return, let i represent the inflation rate, and let R represent the real rate of return.

Nominal Rate of Return


Year 0
Year 1

                           

         ├────────────────────────┤

in dollars:
$10,000
 $10,000× (1+r) 
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$11,000

Real Rate of Return


Year 0
Year 1

                           

         ├────────────────────────┤

in baskets of goods: 

[image: image16.wmf]basket

/

100

$

000

,

10

$


 
[image: image17.wmf]basket

/

)

1

(

100

$

)

1

(

000

,

10

$

i

r

+

´

+

´


[image: image28.wmf]61.39

$

)

05

.

1

(

100

$

10

=

+

=

PV

[image: image29.wmf]61.39

$

)

1025

.

1

(

100

$

5

=

+

=

PV





100 baskets
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100×(1+R) baskets
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105.7692308 baskets

Thus we get the following formula for converting between nominal and real rates of return.
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or  R = (1+r)/(1+i) - 1
(8)
where R is the real rate of interest, r is the nominal rate of interest, and i is the inflation rate.  (In our example, R = (1+0.10) / (1+0.04) - 1 = 0.057692308)

Care must be taken when using equation (7) in that all three rates must be expressed as effective rates and all three must have the same quotation period (e.g., all must be quoted over a 1-year period).  If the rates to be used in equation (7) are not effective, they must first be converted to effective rates using the method outlined in section III.A.

IV.
Summary and Conclusion

To produce accurate results, display competence, and avoid legal disputes, it is crucial that finance and legal practitioners understand interest rate terminology so that precise contracts can be written and correct time-value calculations can be performed.  In this article, we explain the most common terminology and the quotation terms required for correct time-value calculations.  We then demonstrate fail-safe methods for converting between various types of interest rates.  Included are conversions from one form of quotation to another, conversions to Annual Percentage Rates (APRs), and conversions between nominal and real rates.  

Even with expertise in all these methods, often the terms and conditions affecting an interest rate are either not explicitly stated or are ambiguous; in some cases, the terms are even misleading.  Only through a careful analysis of what the rates mean can practitioners use them correctly.

Appendix

Examples:
1.
Find the effective annual rate for a stated rate of 7½% per year compounded quarterly.

Step 1

7.5 ( 4 = 1.875% effective per quarter

Step 2

(1 + 0.01875)4 - 1 = 0.07713587 = 7.713587% effective per year

2.
Find the effective annual rate for a monthly (effective) rate of 1.75%.

Step 2

(1 + 0.0175)12 - 1 = 0.23143931 = 23.143931% effective per year

3.
What is the stated rate per year, compounded semi-annually for an effective rate of 7.25% per half year?

Step 3

7.25% per half-year (effective) ( 2 = 14.5% per year compounded semi-annually

4.
Given a 25-year mortgage for $70,000 at a rate of 8.00% per year compounded semi-annually,


(a) What is the effective annual interest rate?


(b) What rate do you need to calculate your monthly payments?


(c) What is the effective monthly rate?


(d) How much of the first four payments goes toward principal and interest?

 (a) 
Step 1
8.00% per year compounded semi-annually ( 2  = 4.00% per half year (effective)


Step 2
(1 + 0.04)2 - 1 = 0.0816 = 8.16% effective per year


Thus, your effective interest cost per year is 8.16% per year.

(b)
Given monthly payments, you need the effective rate per month for your annuity formula.

(c)
Step 1
8.00% per year compounded semi-annually ( 2  = 4.00% per half year (effective)


Step 2
(1 + 0.04)1/6 - 1 = 0.00655819794 = 0.655819794% effective per month

You would use a rate of 0.00655819694 (or 0. 655819694%) per month to calculate the mortgage payment using the annuity formula.  If you had a $70,000 mortgage for 25 years (300 months) then you would then find your monthly payment by solving for C from the annuity equation:
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(d) The interest charged each month is equal to the monthly interest rate multiplied by the principal outstanding at the beginning of the month.  The principal reduction each month is the difference between the payment amount and the interest charge.  The following table presents this data for the first five months. (Note: numbers shown are rounded to two decimal places; calculations are based on non-rounded numbers.)

	Month
	A

Principal outstanding at the beginning of the month
	B

Interest charged during the month

=A•rateeffective per month
	C

Monthly payment


	D

Principal reduction with monthly payment

=C-B
	E

Principal outstanding at the end of the month (after the payment)

=A-D

	1
	$70,000
	$459.07
	$534.25
	$75.18
	$69,924.82

	2
	$69,924.82
	$458.58
	$534.25
	$75.67
	$69,849.16

	3
	$69,849.16
	$458.08
	$534.25
	$76.16
	$69,772.99

	4
	$69,772.99
	$457.59
	$534.25
	$76.66
	$69,696.32


Note 1: As the principal declines, the monthly interest charge declines and thus the amount of the payment left for principal reduction increases each month.  

Note 2: The principal outstanding immediately after a payment is simply the value (at that time) of all the payments remaining.  E.g., the principal outstanding at the end of month 3 (or the beginning of month 4) is the value of an annuity of 297 remaining monthly payments discounted to time period 3.  Try the present-value calculation to verify this for yourself.  
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� One rate is equivalent to another if it yields the same result from a time-value calculation (assuming proper use).  





� We will show how to calculate an equivalent rate later.  For now, it is important to see that both rates, 10.25% effective per year and 5% effective per six months, result in the same present value amount.





� The two rates are indeed equivalent as shown in the example with the single cash flow presented earlier.  In this example, the calculated present values are different due to a different series of cash flows being analyzed.





� For the US mortgage quote, the quotation period is one year and the compounding period (the length of time between compounding) is one month.  For the Canadian mortgage quote and the bond quote, the quotation period is one year and the compounding period is six months. Note, though, that the Canadian mortgage has monthly payments but the bond has semiannual payments.





� Once we use understand the method for converting interest rates, we may express both mortgage quotes on the same compounding terms.  For example, restating the mortgage rates as effective annual rates (i.e., rates compounded once per year), the U.S. mortgage cost is 9.38068977% and the Canadian mortgage cost is 9.2025%





� Often interest rate quotations are ambiguous because the terms may be stated in a misleading manner or are not stated explicitly.  Compounding this problem is the fact that often the personnel providing the rate information are not informed regarding such matters.  Knowledge of the conventions used for different types of rate quotes is essential when attempting to do time-value calculations, since effective rates are needed in actual time value calculations.





� In the interest of accuracy, intermediate calculations should never be rounded.





� The one exception is conversions to or from rates that are continuously compounded (note, for most practitioners these types of conversions are not encountered).  To convert to a continuously compounded rate from an effective rate, take the natural log of one plus the effective rate, ln(1+rieg).  This yields a continuously compounded rate with a quotation period equal to the implied effective rate’s quotation period.  To convert from a continuously compounded rate to an implied effective rate, use the exponential function, exp(rg) = (1+ried).  The quotation period of the desired effective rate is equal to the quotation period of the continuously compounded rate.





� Note that if the borrower did not have the $1,000 for points in addition to the down payment and other closing costs, the borrower could choose to have a smaller down payment and a larger mortgage.  In this example, suppose the borrower’s total down payment plus points is $40,000 and the cost of the home is $140,000.  Then the borrower could finance $101,010.10, pay 1% of this ($1,010.10) in points and have a down payment of $38,989.90.


� This is calculated using equation (2) and solving for C.  This results in � EMBED Equation.3  ���so we get � EMBED Equation.3  ���


� At the time of refinancing, the borrower may be subject to additional points or other fees.  We leave these items as potential adjustments to the APR of the refinancing.





� This can be calculated, using equation (2) as the present value of the remaining 300 monthly payments of $599.55 discounted at the 0.5% effective monthly rate.  I.e., � EMBED Equation.3  ���


� Calculated as (1+0.53090063)12 - 1 = 0.0637080752





� For this section, it is assumed that all nominal and real rates are expressed as effective annual rates.  If they are not, then the methods from the previous sections should be used to first convert to effective annual rates.





� The consumers’ price index CPI measures the relative price level of a representative basket of goods purchased by the average consumer. Changes in the CPI are often used to calculate the rate of inflation in an economy.





� Calculated as 105.7692308/100.00 - 1 = 0.057692308





� Note:  Canadian chartered banks use 10 decimal places for all calculations.
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