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l\Iany models of biological development at the ceIlular level are deterministic;l-s
i.e., the rules of growth contain no elements of probability, so that a given configura-
tion of starting cells always yields a pattern which is the same in every detail.
These patterns are usually highly symmetric 1, 2,5, S 01' quite irregulllr.3, 4 Prob-
abilistic models have been considered for analogues of growth of bacterial colonies,7' 8

them'ies of ceIlular movement in dissociated and reaggregated embryonic tissues,9
and difTerent.iation of hydroid colonies.tO In most cases the over-aIl form is ap-
proximately circular,7' 8, 108phericaJ,9 or occasionally elliptical8 (due to an externally
imposed nutrient gradient).

This article presents a simple model for the growth of a stochastically generated
spiral (a "snail," if you wish), and the preliminary results of a computer program
written to execute the rules of growth. A general viewpoint of a developing or-
ganism as an cnsemble of interact.ing, probabilistic, decision-making units is out-
lined, and also a scheme for exploiting such models. If forms generated by stochas-
t.ic growth rules may be shown to be reasonably stable, then the amount of informa-
tion neceSSal'y to specify the development of an organism may be considerably less
than has been estimat.ed.14

Growth Rules for II Stochastic Spiral.-Two kinds of cclls arc IISsumed: typc 1 (Insidc), anti
type S (Shell). Thcy grow on a square plunar latticc. 'With onc cxception (to be mcntioncd latcr),
all intcractions arc steric: the only thing thut prcvcnts a cell from growing is the othcr cclls which
may already occupy its nearest-ncighuor sites. "Growth" of a cell mcans that the cell rcmains
wherc it is, but produces anothcr which thcn occupies an adjacent sitc that was previo\L~ly cmply.
A cell CI1nnot grow (or "reproducc") if it already hns four ncarest ncighbors. QIIC cell, lor S,
grows at a time.

AliI cells which are not completely sHrl"Oulided (thc "act.ive" ones) h:wc cqual probabilities of
dividing ncxt. All empty sites nround thc chosen cell have equal probabilities of receiving the ncw
1 cell.

Qne S cell is designated the "leader." It is thc only S ccll that nmy divide. The ccll it produces
becomes thc ncw leader. Growth is dircctional: the leader cell gl'Ows the new S cell into the
site to its left (relative to thc vector from the cell from which it grcw, directed to itself), providcd
that site is availublc. If it is not nvailable, growth is into thc forward site. If that is not available,
then growth is to thc right. If the leading S cell is sUl'rounded uy olher cclls, then the cell it grew
from becomc..~ the new leader, [1(1(1gl'Owth towards the left is attemptcd again by this cell. In
othcr words, if the le:l<ling S ccll becomes trapped by other cells, thc first cxposed ccll down thc
chain of consecutivc S cclls resumes growth.

These growth mIl's are reasonably analogous to tlJOse which may be uscd hy certain real cells.
The random growth of I cells is similar to the growth of tnmors. Thc bchavior of S cells is reminis-
cent of apical meri~tem in plants, whieh only grows at the tip of a shoot, inhibiting growth further
down. If the apical meristem is cut oIT, growth resumcs at a lower point. Also, vines tend to
spiral ill one direction.12

Thc stnrting configuratiun uf cclls in this study was always 1SZ, the Z ccll on the right designat-
ing thc initial leading S ccll.

.

There is une free parameter for this system: the mtio r of thc specific (per ccll) growth mte of
nct.ive 1 cclls (the ones which 111'1'not surrounded), to that of the lellrling S cell. Jn other words,
givcn i active [ cells, the probability that n particulnr onc of these will be the ne.xt cell to dividc
is PI = rPs (where Ps is thc probability that tbe lcnding S cell will dividc). Tbc total proba-
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.FlGs. I AND2.-0, :Mean valuc; 0, mean value of thc three spirals wit.h t.hc most.turns. Thirty
to thirt.y-threc cases were run for each value of r or Ps. The bars indicate cxtrcma. Thc smallcst

* * * *'spiral," which sets the lower limit in size, is* ISZ (sec Figs. 3-G). At Ps = 0.1 in Fig. 2, t.herc was
* *one cn.-;ein which the S cells wcrc completely snrroundcd early in growth. The extra bars indicate

the minima of si/lc and l11llnbcr of t.urns when this case is disregarded.
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hility that finy onc of the active I cells
will divide ne.xt is 1'P/. Thus, since P.,

+ il'/ = 1,1'8 = '/(1 + ri).

If each cell grows at a spccific, in-
trinsic mtc, indcpendcn t of the rest
(e.xccpt for st~ric interference), then
r is a constant. This ,is designated
"Ioenl" growth. At hi~h vaIneR of the
constant r, thc I cells will tend to snr-
round the 8 cells, and vice ve~ll. At
un intermediate value of r there should
hc some probahility of a compromise,
rcsulting in an over-all form which is
roughly spiral.

If the leading 8 cell could "count"
the number of activc 1 cells, for ex-
ample, by hcillg sensitivc to a horrnollc
dilTusing from them, and its rate of
growth werc proportionul to this count"
a feedback mechanism with mther fille
control would he established. ]n this
Cfi.se I/r = I's/I'/ = £/1", or I's =
]/(1 + r'). r' is a new consmnt. ]n

other words, under this kind of "hor-
monal growth" I's is a constant. This
growth rulc will t.end t.o give a "phollD-
graph" spiral, i.e., the spiral of Archi-
medes. I f the growth of thc leadillg
S cell were instead illhihitcd in pro-
portiorl to i, logarithmic spimls might
be obtailled. Only the former case has
hecn investigated so far.

The computer progmm cmryillg out these niles of growth wus written ill Fortran I V IInd run
011the] Bl\1 os/a(jo ITlodel 50 computer at the University of Oregon. The random number genem-
tor used was that recolllmended by 1\lacLaren and Marsaglin II fiS the most uniform.

Growth cont,illued until either the available array (120X120) was fillcd, 01' cithcr cell type com-
pletely surl'OllIHlcd the othcr. The growing form~ were centered, if room \\'[\.'3left" when they
grew lo all cdgc. Up to ]0 min of computillg time wcrc required for each form to grow.

ResuUs '3ome examples of the forms which were grown are shown in Figures
;3-6. For both local find hormonal growth t.here wore somcwhat narrow ranges
of the free parameter in which t.he most spiral tUI'llSwere obtained (1' = 0.25 :f: O.Ofi

and P s = 0.20 :f: 0,05, rcspect.ively). Thus (.heappearancc of spirals is in a sense
a critical point phenomenon. This is refJeet.ed in t.he large change in mean size
over these I'Hnges (sce Figs. 1 and 2).

However, under local growt.h spirals with approximately two 01' more turns are
of low frequency ('"'-'10%) even in the critical mnge. The reason for the low via-
bility seems to be that at the beginning of growth the S cells have a high probability
of enclosing the J cells, before thc lattcr have It chance to increase their numbers.
This could be callcd a critical stage of growth, and is rcminiscent of nucleation
of a new phase. Bccause of this critical stage a bimodal distribution of sizqs is
obtailled, which accollnts for the enormOllS variance in size ullder local growt.h (see
Fig. 1).16

On the other hand, hormonal growth near its critical point gave spirals of many
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FIG. a.-The bcst spiral obtaincd undcr loeal growth.
r = 0.25. HiJlgs evcry 200 additional cells. Symbols
for Figs. a-6: (1), initilll I cell; (8), (Z), initial S cclls,
Z beiJlg t.he iJlitiallcadiJlg S ccll; (-),1 cells; (*), S cells.
I cells {Ire labeled (:) III. fixcd iJllervals, t.hns p;ivinp;
growth rings; (#) indicatcs thc position of t.hc leading S
cell when a growth rinp; was labeled. The forms are
slightly dislmted, since thc cells lire print.!!!15 horizont.al
to 4 vcrtical.
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