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I. Statement of the Problem

The prohlem of reconsfllleting three.dimensiollal objects from a set
of fwo.dimellsiollal pl'Ojceted images has arisell alld been solved illdc-
pendelltly ill fields I1\lIging frum medidlle alld electroll microscopy to
holographic illterfel'Ometry.

D>' millg a .sOllrcc of radiation extelllal to the
object, we obtain a transmi sion picture or projection of the three.di-
mensional object onto a two.dimensional surface such as the film of an
ordinary clectl'On micrograph or x-ra)'. The reconstruction problem is:
Givcn

"
subJet of ,,/I pO.lsible projectiorl$ of 1111object, esliflUlte its ill.

tern,,1 dellSitll rliltrilJl/tio/l.
All aigoriti1l11S for recomtruetion take as illpllt the projection data, and

all prodllcc as olltpnt all CJtillwtc of the original stllleture based OD the
amilable data. The estimate. varie~ from lIIethod 10 method. The relative
performance of the varions methods depe/lds On the ohject and how the
data al"C colleeled. It is therefore important that qllalitative jndgments
he made only after a care fill alld exhaustive study.

In order to state the prohlem clearl)', let us consider the particular
case of projected images foml"d br the tran.smissinn of x-rays through
a patient.

From the intensity at each poillt all the film or detector, the total or
integrated density of the object along the p"th of the radiatioo betweeD
the source and that point can be estimated. In practical applicatiulls we
can measure the intensity 0111)'over small hut finite regions of the pro-
jection. Therefore we define a my as a buodle of paths from the source
to :J small regioll of a given shape 011the projectioll. \\'" define a ray SUIII
as the estimate of the total density of the ubject colltained in the hnndle
of paths defining the ray.

Suppose we waut to detect the presence of some abnormality (e.g.,
a tumor) in someone's hrain. Since such an abnormality usnally has a
density different from he"llthy tissue, a densit)' map of the brain would
be of great help. III fact, a series of two.din1('/lsio/lal sectiollS of this den-
sity distribntion would he sufficient (provided they are spaced close
CliOugh not to miss the ahnormality).

For each two-dimen~ioDal section, the data :Ire collected as follows.
An x-my source emits a collimated pencil beam in the plaDe of interest
ill the direction of a detector (Fig. I). From the uutpllt of the detector,
we call estimate the total density of the part of the section of the ob-
ject that is between a pair of parallel lines of knowD 10eatioD. The sec-
tioll of interest em be enclnsed in a square region olltside which the
density may he ass limed to he zern. The regioll in which tbe parallcllilles
interseel the square is a ray (cross-hatched in Fig. 1). The expetimelltally
obtained total density within the ray is its ray sum.

For tl1l' presellt example We aSsume that the data collection is s1lch
that we choose a mnnher of directions, and for each direction we collect
the ray sums for a series of nODoverlappin~ mys of equal width which
between them cover the sqnare. The total information for ODe particnlar
direction is a projectioll (one-dimensional, for one seelion of the object).

In electron microscopy the same cITeet is obtained hy tilting the stage
about a sillgle axis. Corresponding lin"es OD each plate perpendicular to

Reprinted with permission from ~ Rev. of Cytology,
38:iI1-151.1974.

Flc. 1. AlI th~ rays of one projl,ction at oue."[ln~de arc shown. The: r3)' ~,,'hosc ra)'
sum is bejn~ collt:Cfed is cros5.hatchMi. The uhject i.. iI"'mnf..d 10 he cntirc1)" within
the !quan.'.

tbis axis al'e projcctiollS of the same pIa 111'.Thlls ('aeh plane is recon-
"structed independcntly of other planes. Such planar reconstructions can
be stat. ked to re('Over the (1)mplcte three-dime/lsio/lal structure.

It is alJo po~sible to make reconstructions from projections a't spatial
angles not I>~ng in a plane. This is in fact a eommon procedure in to-
mography (a reeoostruetion method widely used ill medicine). Ilowe\'er,
when recoostnletions are to he made on computers, coosideratioos of
('Ompllting costs (both time and storage), as well as display abilit)',
make three-dimensional reconstmetioll \~a a series of two-dimensiooal
reconstmctioos mOre attractive. Unless otherwise stated, we shall assume
that we arc reconstructing a two.dimensional nonnegative density dis-
tribution or pieture from its one-dimensiooal projections. (For the sake
of precision, we define a pic/ure as a square region of the plane together
with a well-defined grayness at every point in tbe region. We assume that
the grayness is measured hr a nonnegative real number.)

Figure 2H illllstrates a recomtruction of the test pattern in Fig. 2A. The
projeetion data were collected mathematically in the manner of Fig. I.
Also, a reconstruction of a sectiun uf a canine heart is shown in Fig. 2C.

In radiology it is usnally possible to obtaill a large nll1nber of projec-
!ions, but in.. other fields (electron microscopy, interferometric holog-
raphy, and radio astronomy) both the nnmber and the range of projec-

tions can he rather restricted. E\'en in radiulogy the m:mber of projections
may have to be small, either to reduce the x-ray dose to the patient, or
became the objeet reconstmctcd is a rapidly moving ODe, such as a living
beart.

The mathematical and computational difficulty of the reconstruction
prohlem is increased by the fact that Ihe projection data are noisy, or
may eVen motain systematic errors, so that the m)' sum is not exactly
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FIC:. 2. (").-\ h'sl patt~m reprl'5.cntin~ !\l:.l1l1,bruin, .md Imuor on a 6-1 X 6-S

nuh:r. (n) ,\ rI"COnstruction of this path:rn u~in!-! the Cf)J1voJl1tion mdhud with 25

event>" sp;1ccd projections \\Hh parallel my". a~ in Fi~. 1.
(C) A ~e<:tion of a dog's

heart on <164 X &t raster n'<..'ol"l."tru('ktl1lsin~ ART3 frOnt 36 {'(1"ally spaced slight I)'

di\'t:rJtcnt 1.ra}' projectiuns froma point s()mcc~. '111c rin~ itldi(~ll"{l h)'
(he BfTOWS

is an inserted catheter.

thc Iotal density in the ray_ For e.~amplc, errors may he made in adjust-
in!( the directions of the projections and/or in positiolling the rays,

\\'e review the algorithms Ihat have hcen proposed to solve the recon-
stmction prohlem, and indicate frccl'ICnt researeh duplication which h:1S
oct'lured, limiting ourselves to information that has been published in
regular joumals amI doctoral di!.sertatiolls.

\\'e have classified the known rcconstmctiou algorithms into four
categories:

1. Sumr'Ultion: The ray sums of the rays through each point are simply
added to ohtain an estimate of the density at the point.

2. Use of Fourier trll7l$forlll$: The projections are transformed into
Fourier sp,lce to obtain some of the values of the Fourier transfortll of
the whole picture. Other values arc estimated by interpolation, and the
reconstruction is ohtailled by taking the illverse Fourier transform.

3. A,wlytic ,~olution of the illtegral equlItioll$: The relation he tween
the picture and its projections is expressed b)' a set of inte~ral equations
which are then solved analytically. The picture elements are estimated
hased on the analytic solution.

4. Series expll,~,ion lIpprollehes: It is assumed that any picture we may
be interested in can he sufficiently approximated by a linear combina-
tion of some predetemlillecl basis pictures. The unkuown coefficients in
tbis linear combination arc estimated from the equations obtaiued by
exprcssing the projections of the unknowlI picture as a linear combination
of the projections of the basis pictures.

II. I\econstnletion ~felhocls

For each class of algorithms we give: (1) a general intuitive descrip-
tion, (2) a precise mathcmatical description of a typicat.reconstruction
method of the class, and (3) a brief description of other mcthods in the
class.

A.

The simpll~st al;.:orithm for leconstruction is to estimate the density
at a point by addin;.: all the ra~' sums of tIlt: rays Ihroo,:h that point. We
call this tIlt: "ltnmation method.

TonH>,:raphy is a medical reconstruction lechni<I\1t. dating hack to
french patents in the !H20s, which had some independent starts (see
Kidfer, 19.'38), We will demonstrale th,lt tOlllngraphy is a snnunation
met hod.

If we arc illterested ill the d.~nsitv disllihntion iu
"

crosS section C of

a patient (Fig. 3), we can ohlain a fairly good I'stim'lle
hy the followiug

tomographic mcthod. \\'e place a photoglaphie plate I' parallel 10 the

cross section C 011 one sid.. of Ilw paliellt, "",I all X-lay SOI\rCCon the

othcr side. B)' mOl'illg the x-ray sonrce at a fixed ,speed palallel to C in
one direction, alld moving l' at an appropriate speed in the opposite di-

rection, we can insllle that a point in C alwa)'s projects onto the samc

point in 1', hut a point ill the patient ahov.: or helow C is pmjecled onlo
differellt points ill 1'. (See Fig. 3.) ThllS 011 the photographic plate the

density distrihlltion at tlH' sectioll C will stalul nllt. while thc lesl of the
body will he blurred out.

The densit)' at poillt A in 111<'hody is estimatPd by smnm;n!; up (in-

tegratingtth,' total density along the p"th from X, 10 J\, as tillll: I varies,

:\'ote that A, is always at the ,,,me poinl 011 the moviug photograpldc
plate 1', and that A is the only point thai two p"ths fnlln X, to A, h:wc
in comlllon at dilTer<'lIttimes t. Thus ,,11 forms of tomograph)' involving
sueh coordinatc-d movellu'llts of x-ray SomTe amI film "re predsdy thre.'-

dillll'lIsional velsio..s of the S\llIlInation met hod.
Tomographic devices (Ed holm, 19C,O,I\cie1l111i\On,W72) "'I'

desigll,'d

to yield Olle pl:toe in focus, or po"ihly a whole ~t",.k of pttnes plmto-
graphed on diHerent platcos. :-Iore recent tll1ec-dimensional tonmgraphic
devi('es stOIC the individual projl'eliolls al a finill' numher of angle~, so
that hy appropriate rl'gistratioo allY pIau!' (',In Llkr he r('construc:ted
("]ongitmlillal seetioll S<::llIllillf':' Kuhl anti Edward" 196.1; Diillllnliug,
HJ69; Fre('dman, HJ70, 1972; "photoIa111inagraphy:' ~liller <11 (/1., 1971).
111some cast'S the projection clala aU' actually nptieally projecl<!d back
into a volnme in space. which call he slicl',l ill any desired plane h)' ill-

serting a viewing screen ("tll1nosynthesis," Carris"n et (/1., 1969: Crallt,
1972; Harper, 19GB). Ilart'.s (19B.~) "polytropic mOllt"ge" in .,]ectron
miL'roscopy is cquival<-nt to circular f<.mography.

c

A2 AI B2 8,

lilt:. :3. Lint.'ar fwnogral1hy. C, l'at1[<lIt l'rnss !irit.ctilm: A :wd R. two IHIints in

the (,.'W'\S si'l'lioll C; X, ami X:. pO'iitioo'i of tilt" .\.ray MHlI(.'t.' ;". times r, and t:i P,

tJu.~pholo~T3phic phltt'; A1 and A:. po itionsflf a fixi'Cfpoitlt on p :It ti1lles '1 amI ,~;

81 ami Ut, pusitiCHlS .,f anotlwr fiwd point e11l
p at tilllt's tl and t:.

In these techniques the quality of the output is often degraded by the
presence of sharp density differences outside the cross section of interest
(Hcichmanll, 1972)

_
To amid this, Kuhl and Edwards (HJ63) introduced

trallSverse section scanning in whieh only densities iu Ihe plalle of interest
c'ontribute 10 the final resnlt (Fig. 4). The dc:tector views the ", . . struc-
ture from many directions, hut all views arc made in a single transverse
plane. The partial images which r<:snlt from the various scans can he
superimposed in the recording system so that their spatial relationships
are preserved, To accomplish this, the detector axis is represeuted on an
oscilloscope screen during scanuillg by a slender line having similar
direction. motion, and anglc of inclination. The hrighhless of this line
is modulatl'd h)' the [ray] snm from the deteetor_ Durillg scanning the
oscilloscope patl<~rns are integrated on photographic film. 111115,image
fragments corresponding to any single structure will coincide on the
recording. '\s a resnlt, an image of the distribution of [demity 1 in the
cross sc~ctioll examillcd will he displayed finally on the film."

The principle ullderlyiug this kehllilll,e is the same as in ordinary
tomography: the density at each point is estimated by the sum of the
total densities (ray sums) of all the rays through the point.

This planar version of the summation meth"d W:l-<indepelldently di~-
covered in electron microscopy by Vainshtein ("method of projecting
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functions," 1970) aDd by Gordon et al. ("moire m~thod," 1970). Because
the proj~etions arc spread back across the reconstmction plane this
method has been called "back projection" hy Crowtb~r el tll. (1970b).
(See also Gaarder and lIerman. 1972.)

The snmmation method may be implemented using simple analog
hardware (Fig. .j). This is its primary advantage over other reconstme-

FI(~_'t. St'lU1Tlin~ prn«.durl' fur Tt"construcfion elf ;1 plant> of a thu'(..dilllt'mional

o[,jcC't TI1C huilcl-IIP of the tl.t'Un~tT1lction ,,~. (he SlIIl1IlJution I1wthod is sho n. '11,t'

plane of ,cannjn~ can be lIIovcd n"rticnllr to It!(.'()mtrm:t sections of tht, \\'hulc tlUfi.'.

dimensional ohject. (Frum Kuhl :'md l~<1\\'allh. 19GJ. with pt.'nnission.)

tion methods. Howe\'er, the accuracy uf the snmmation method is limited,
as can be seen from the following argllmeot.

Suppose we have taken a number of projections of all object consisting
of a single point. The result of the reN>nstmction from these projcctiolls
by the summation method would be a star-shaped object whose center

is the original point (Fig. 5). Let tIS take equally spaccd projections of
a point from a full range of directions. As we inerca~e the number of
views, a rcconstruction from such projeelions comes to lesernble a density
distribution proportional to 111', where I' is distance from the point
(Vainshtcin, 1971). (This is because thc limitillg ca~e of superposition
of a nnmber of equally spaccd straight lines through a commoll point is
eqnivalent to the rotation of a lill" about the poillt. The weight of each
point of tl,,, straight IiII

"
is oi~tribnted during rotalion along the length

of a circnmferenee 2r.r.)
Thus the summatioll method blnrs ont sharp features in tbe original,

which is its hasic (lifficnlty. This property is appnrent in all demonstra-
tions of the methoo on ,'ario\lS test patr.,ms (Kubl alld Edwards, 1!J(~'1;
Vainshtein, 1971; lIenllall, 1!J72). The ('xaet matlwmatical nature of this
blurring effect has heen studied by Vainshtein (W71), Gilbert (197201),
and Grant (1972).

If a digital complltcr is ILscd, there are several wnys to improve the
outpnt of the summation mcthod and partly remove hlurrillp;. In ord.'r
to illerease the contrast. ODe may suhtraet the t~mstaut (III - I)p from

FtC:. 5. Re<."omtrm:1inu u( a sinJ,:Jc pninl 1Jsin~ the Slllllll1:HiclII rI\t'thod. EHCh Jim:

i\ dUl' fu a projection or tht:" point in the ('OUt'o.;polidinlo: diu'l'tioll.

each of the picture elL'mL'nts (III is the numher of projections, p the esti.
mated mean density), therehy making the average density of the remn-
strnction identical with the estimated average density of the original.
Also, one may flag those poillts whose dellSity is knowlI to be 0, since

tllc)' He in a fa}' wlwsc ray stlm is O.Snell impro\,prnentshave hrcn ,lis-
enssed by Vainshtcin (1!J70).

Other impro\'ements in the smnmatioll methou
""n

bc mach, hy post-
processing the results. Bales auu Peters (W71) "lid Smith cl "I. (19;3)

I'roposl'd taking tJw FOllrier transform of the output of the sllmnmtioll

mcthod, multiplying by the first polar coordinate iu Fomier space (mo I,
alld taking the im'erse Fomier transfonn to produce a "rho. filtered layer-
gram: MllchIlehner and W,'tzel (1971) attempteu to com.oct for the
blurring by removing "stars" (Fig. 5) centered at the high.density points
of the Olltpllt of the sllliunation method (suhtractillg them from the ray
sums) and adding siuglc dCllsities to th,' points corresponding to the
centers of the stars ill a new picture. This process was repcated until the
density values of all elements iu the output of the slImmatioll method
were reolleed to a lIegligibly low level. Note that, as opposed to the rho-
filtcred layergram, this mcthod t'Ompensates for hlmring only ill the di-
rections where blllrring has occurred.

\'"inshtein (19il) pointed ont that in a tr\lly thn'e-dimensional sum.

]',,,,tion method (in which projections arc taken at all spatial augles), the

limit of the reconstruction of a sillgle point wOllld be a density distrihu.
tiOIl proportional to IIf'. Thus such increased data make the blurring
considerahly less thall ill two ,1i.lIensiolls.

Summation has heen impleI11L'IJIl'd by various methods, Examplcs :Ire
photographic superposition of lines of differing brightness on a cathode
ray t\lbe (Kuhl and Edwards, 1963), mechanical smearing of a photo.
graph dmillg contact prilltillg (Vainshtdll and ~likhailO\', 1!J72.), and tIlL'
lISe of digital computers (I [erman, 1972; Knh! and Edward.s. 1965a,b.e,
19;0).

B.

The Fourier transform method was discussed by Bracewell (1956) for
the recollstruction of hrightness distriblltions from strip illtegrals in radio
astronomy (see also Christiansell aud \\'arhmtou, 1955), aud suggested
hy DeRosier and KIlIg (196,<;) aud I [oppe cl at. (1!)68) for the recon.

StrUCtiOIl of three. dimensional structmcs from electron micrographs (sce
also Howley, 1969), A mathematical discllssion of the approach was
given by Crowther cr al. (1970b), amI a survey with cxamples showiug
electron micrographs was presented by DeHosier (19;lh).

The Fourier method depend. 011 transforming the projeclioos into
Fourier space, where they define part of the Fomicr tmnsform of the
whole object. Eaeh projedion m.IY he shown 10 yield values on 0\ central
section of Fourkr space, which is a lille or plane (corresponding to the
two- or thrce.dimen,ional problel1\) through the migill at all angle eOl'-
respollding 10 the dire(.tion of the projection ill real space. An attempt
is then made to illh,rpolate the ullkllOWII vah"" of the filII Fourier trans.

form from the values on the celltral sections. After interpolation a rcverse
Fouricr transform provides all estimate of the ohjed's strnctme.

.\
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FIr:.
(; (..q .\ picture I of 1,,0 variahles cJe:fined hr

if n ~ 1: ~ 1 and 2 5--IJ '5:3
olhl.'rwi:"t..

proj('ctL'cloulu ~ lith.' ltt , _ 450 \, ith Iht.' horizonl;!1. (B) TIlt' \';'\hl~ uf the rUTICa
tion [r.1I ahtailled ii' a re~mlt 01 thi'\ projn.'tion.
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