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In many applications of computed tomography, we cannot acquire the projection data at all angles evenly
spaced over 3600. In such cases, the computed tomography images reconstructed using a limited number of
projections, measured' over a narrow angle range, are characterized by approximately elliptical distortion
along the view angles used and poor contrast at angles not used (anisotropic resolution), This systematic
geometric distortion is caused by the 2-D point spread function ofthe reconstruction process, In this paper,
we show that such geometric distortion and other artifacts introduced in the reconstruction process can be
reduced substantially by deconvolution performed via Wiener filtering using a priori knowledge derived from
the given projections. The 2-D system transfer function used in the deconvolution is obtained from the. .
reconstruction of a test image by the same reconstruction algorithm which has been used for reconstructing
the unknown object.

.

~I' .',>"~ I. Introduction

Reconstruction tomography from a limited number
of projections is of vital interest. In many applications
of computed tomography (CT), the projection data
from only a small number of viewing angles are avail-

. i.'. able. Images reconstructed from a limited number of
;1 .h projections using the conventional image reconstruc-

tion algorithms, which are designed for 3600 coverage
of viewing angles, suffer from a systematic geometric
distOrtion and severe streaking artifacts.

Recently,. several image reconstruction and image
restoration algorithms have been investigated for lim-
ited-view reconstruction tomography. Several inves-

.

tigators have suggested various iterative techniques in
.

Fourier space to estimate the missing projection data.:.
for limited -view image reconstruction.l~ The useoftl .

priori information from' the available projections, as
;constraints to reduce the streaking artifacts, has been
;Strongly recommended and found quite helpful to
!achieve better reconstruction. 3-10..,-Various methods
Ifor .extrapolating the available data into the missing
:information region have been used.2,4J!,10 These meth-
'ods are primarily based on the algorithms suggested by
Gerchberg7 and Papoulis8 for extrapolation in the Fou-
rier domain by imposing the space limiting constraints
on the object in the spatial domain. Inouye6 and
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Peresll have proposed' orthogonal expansion algo-
rithms for the narrow angle limited-view problems.
Other methods include use of an optical feedback sys-
tem12 solving a set of simultaneous equations,13 the
maximum entropy,I4-17 and the-Baysian approach.18
A review of the limited-view reconstruction algorithms
can be found in our paper published in this issue.19 In
practice most of these algorithms are' computationally
complex and time-consuming. Moreover, the solu-
tions are sensitive to errors in: the data and numerical
inaccuracies~ They do remove some artifacts in the
limited-view reconstructions but do not perform well if
the number of knoWn projections is very small.

. We proposed a simple method of removing the geo-'
'metrical distortion in our previous paper20 by geomet-
ric deconvolution. There deconvolution was per-
formed via inverse filtering using I-D 'projections
instead of the 2-D image. The results, however, were
noisy. Also, the method required a second reconstruc-
tion process. '

The geometric distortion and streaking artifacts are
due to the 2-D point spread function of the reconstruc-
tion process for the given set of projection angles.21
We have the following problem: Given a distorted
reconstruction, compute a distortion-free and noise-
free reconstruction of the image. In other words, de-
convolve the geometric distortion and artifacts.22
Klug and Crowther23 and King et al.24 have pointed
out the possibility of application of the Wiener filter in
image re'construction from projections but have not
explained how it may be implemented in limited-view
reconstruction tomography.

.
If werestrict ourselvesto

a linear reconstruction algorithm, the problem reduces
to that of estimating the point spread function of the
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system for a given set of projections and performing an
appropriate deconvolution. In this paper, we show
that geometric distortion and streaking artifacts in the
limited-view reconstruction can be reduced substan-
tially by 2-D Wiener deconvolution performed using a
priori knowledge derived from the known projections.
We have used the unconstrained multiplicative alge-
braic reconstruction algorithm (ART)25,26 throughout
this paper. Unconstrained multiplicative ART is an
iterative reconstruction algorithm. It is quasi-linear
because of its slightly spatially variant point spread
function.27 For now we will treat the problem as if this
reconstruction algorithm were strictly linear. An
analysis of the effects of quasi-linearity on Wiener
deconvolution will be reported on in the future.

II. Two-Dimensional Deconvolution Method
We perform 2-D deconvolution on the limited-view

reconstruction of an unknown image via Wiener filter-
ing to remove distortion and obtain a noise-free re-
stored image. We make use of a priori knowledge
derived from the given projections in the formulation
of the Wiener filter.

Let us assume that the reconstruction process pro-
duces a degraded image g(x,y) from the given projec-
tions of an unknown image f(x,y) modeled as28

g(x,y) = h(x,y) .f(x,y) + n(x,y),

where h(x,y) is the 2-D point spread function of the
reconstruction process, and n(x,y) is the noise intro-
duced. The image restoration problem can be written
as that of obtaining an approximation l(x,y) to f(x,y)
given g(x,y) and knowledge of h(x,y) and n(x,y). The
Wiener filter estimate gives p(u,v), the Fourier trans-
form ofl(x,y) as

p(u,v)= oH(u,v)l2/0H(u,v)12+ W(u,v)]IG(u,v)/H(u,v), (2)

where G(u,v) is the Fourier transform of g(x,y), H(u,v)
is the system transfer function, and W(u,v) is the
noise-to-signal ratio function in the frequency domain.
Wiener filtering may be used if we can estimate H(u,v)
and W(u,v).

The system transfer function H(u,v) is obtained
from the reconstruction of a point image by the chosen
reconstruction algorithm for the given set of angles.
These angles are the same as those for which the pro-
jections of the unknown image are available. We com-
pute the Fourier spectra of the point image and its
reconstruction, say J(u,v) and K(u,v), respectively.
The 2-D system transfer function is now computed as

H(u,v) = K(u,v)/J(u,v), (3)

where the noise is assumed to be zero.
One should expect K(u,v) to be the same as the

system function H(u,v) [when J(u,v) is unity for an
ideal impulse]. But the system transfer function dif-
fers from K(u,v) because of the finite extent of the so-
called point image used in image processing, which
consists of a single pixel. The Fourier spectrum of a
pixel image constructed by assigning a higher density
level to a single pixel than the background is the Fouri-
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er spectrum of a square function because of the finite
dimensions of the pixel image.

The noise-to-signal ratio function W(u,v) requires
an estimate of both the noise N(u,v) and signal S(u,v).
The signal spectrum S(u,v) is estimated in the follow-
ing way. We obtain the 2-D Fourier transform of the
limited-view reconstruction of the unknown image by
the chosen reconstruction algorithm from the known
projections. From the Fourier slice theorem, we know
that the 1-D Fourier transform of a projection corre-
sponds to a radial slice of the 2-D Fourier transform of
the image at a corresponding angle. We compute the
average of the known projections and take its 1-D
Fourier transform. From this we obtain the average 1-
D Fourier speCtrum in the projection domain. We fill
the 2-D Fourier spectrum of the limited-view recon-.
struction using this average slice to compute an image
spectrum model. Thus our use of a priori information
is to roughly fill in Fourier space with this average
spectrum. (Other interpolation schemes could be
used.29) Let this filled-in spectrum be our estimat~ of
S(u,v).

We assume a white noise spectrum N(u,v) with a
total energy equal to a small percentage of the total
energy in the image and to be a constant fl, indepen-
dentofu and v. A 2-D noise-to-signal-ratio function is
now computed as

W(u,v) = IN(u,v)12/IS(u,v)j2.

This is used in the Wiener filter Eq. (2).
The restored image may be obtained by taking the

inverse Fourier transform of p(u,v). We have found
from our experiments that the choice of the value of
N(u,v) = fl is very critical in achieving optimum resto-
ration. Values of fl other than the one that gives
optimum restoration cause some excessive values in
the Fourier spectrum p(u,v). These values may be
clipped using S(u,v) as a 2-D magnitude clipping func-
tion. We take the inverse Fourier transform of the
clipped spectrum p(u,v) to yield the restored image.
Fast Fourier Transform (FFT) techniques are used
throughout the procedure.

(4)

III. Results and Discussions
We first obtained the 2-D point spread function of

the reconstruction process by reconstructing a point
image by multiplicative ART using a given set of an-
gles. The point image was chosen to have a central
pixel of grey level value 255 on the background of 25 on
a 101 X 101 raster. We observed, from a comparison of
the Fourier spectrum of the test image and its recon-
struction, that the phase values at radial sections cor-
responding to the data projections were similar in the
lower spatial frequency region. We obtained the sys-
tem transfer function H(u,v) from Eq. (3) and found
that the phase values at radial sections corresponding
to the known projections in the low spatial frequency
region were nearly equal to zero.

To illustrate these aspects, the Fourier transform of
a single pixel image and its limited-view reconstruc-
tion using multiplicative ART with eight views at 55,
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