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ABSTRACT


Breast Cancer is the most common type of cancer which affects women; needless to say that there is a huge tendency to find better ways for early tumor detection. Mammogram is the most common imaging technique being used to detect tumors in the breast; but mammograms, as in conventional radiographs, may not show all tumors since the final image is a superposition of projections. In fact, most of the tumors detected are found by women their selves that  practice breast self examinations.


When Computed Tomography(CT) scanners were invented in 1972 it revolutionized medicine since it allowed doctors to visualize parts of the body without the need of an invasive technique. Nevertheless no CT mammography systems have been used until today and may be conceived as a good imaging tool for early breast cancer detection. A CT mammography system was proposed by McCartney in 2002, this system introduced the use of a Fischer( Mammotest( breast biopsy system and a rotational gantry unit as a simulation of the system. Due to its high resolution and low dose, the breast biopsy unit  may be conceived as a potential CT mammography system.


The purpose of this project is to implement multiplicative algebraic reconstruction techniques to reconstruct a three dimensional image based on two dimensional projections that adjust to McCartney’s system geometry.
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CHAPTER 1. Introduction

1.1 Breast cancer


When tissue cells proliferate too fast, too much tissue is formed. This mass of extra tissue is called a tumor. Tumors can be benign or malignant. Benign tumors don’t normally metastasize, are easy to be removed and do not usually come back after being removed from the patient. On the other hand, malignant tumors grow up fast and spread to other parts of the body invading nearby tissues and organs. Malignant tumors can also initiate secondary tumors at distant parts of the body, which in some cases can be inoperable.

1.1.1 Disease Definition


Cancer is the general term for any malignant tumor [1]. There are many types of cancer and breast cancer is the most common type of cancer that affects women (although lung cancer now exceeds it in some places due to increased cigarette smoking). One in every eight women will get breast cancer. It is not known what causes it so there are no prevention techniques that will guarantee not getting it. The risk of getting breast cancer increases with age.


It is believed that its cause is influenced by hormones, diets, radiation and genetic factors[2]. Women from countries where the fat and sugar content is high in meals, as in occidental countries, have a greater chance in getting breast cancer than women from oriental countries. Hormones are also believed to be a cause of the disease. At the same time there is a relation between the diet a woman has and the way hormones are produced. The kind of diet that a woman follows affects the way hormones are generated and obesity can also increase the amount of hormones. Genetic factors are also considered to have a relation to breast cancer, especially among young women. 

1.1.2 Breast Cancer Detection


The most common methods for detecting breast cancer are mammography, clinical examinations and Breast Self Examination (BSE). Mammography is an x-ray technique that is used to visualize the tissues inside the female breast. It is also used to detect non-palpable lesions and to identify palpable lesions[1]. About 1 out of every 10 breast cancers cannot be seen on a mammogram[3]. That is why it is important that women check their own breasts. Breast self examination is when a woman examines her own breast. Most women find breast cancer by themselves and not with the help of mammograms. Clinical examination consists on a breast examination performed by a physician or nurse trained to evaluate breast problems. A combination of these methods is used to detect cancer at early stages. 


Screening involves examining people for early stages in the development of the disease even though there are no apparent symptoms. Breast screening is made, as previously discussed, with the use of mammograms, which is the most common imaging technique. If the mammogram shows an unusual tissue, then the patient is subject to biopsy, where part of breast tissue is removed from her and taken to the pathologist so it can be analysed. 


Early detection gives one of the best chances of surviving cancer. Being able to work with only a few cells would give physicians a better chance to remove a tumor before it spreads through the body. For example, consider the number of 5 (m cells that are contained in a 4 mm tumor. Considering the tumor as a sphere and denoting Vt and Vc as the volume of the tumor and cell respectively, we would have
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(1.1)

Computed Tomography (CT) scanners are being used in radiology these days, but there are still no breast CT scanners. The Fischer Digital Breast Unit has a detector resolution of 50 (m which motivates us to try it as a breast CT scanner, which will help us improve the screening techniques for breast, using a low dose x-ray technique.
1.1.3 Treatment


There are a few treatment options, and which one to use could depend on the stage of disease. The most common treatment options are:

1.1.3.1 Surgery

Surgery has been the first line of attack against breast cancer for over a century. This is the most effective way to control the tumor and to remove tissue where the cancer spreads. There is a tendency to try to preserve as much healthy breast tissue and surroundings as possible.

1.1.3.2 Radiation Therapy

Radiation therapy is a highly effective way to destroy cells that may linger after surgery. The radiation is usually administrated in form of ( rays in the megavoltage range. Treatment lasts around 6 weeks and it is necessary to follow the patient’s carefully.

1.1.3.3 Systematic therapy

Systematic treatment is designed to protect the body from breast cancer cells that may have escaped the original tumor. It is normally applied to patients whose life is not in immediate danger. Treatments in systematic therapy include Herceptin, tamoxfen and chemotherapy.

1.2 X-rays radiation

1.2.1 X-rays


X-rays were discovered by Wilhelm Conrad Röntgen. Their frequencies lie in the range from 3 x 1017 Hz to 5 x 1019 Hz. X-ray photons are emitted by an atom when its inner and strongly bound electrons make transitions to lower energy levels. X-rays may also be generated when we change the movement of a charged high energy particle; this process is called bremstrahlung. When fast electrons collide with matter x-rays are also produced, but just a little of the kinetic energy of the electrons is converted into x-rays, most of the energy is converted in heat [4].


X-rays are photons, therefore they have many properties in common with light. However, x-rays possess a few characteristics which visible light doesn’t. These characteristics are what makes them so valuable in medical diagnosis [5]. X-rays are able to penetrate materials where visible light would be absorbed or reflected. Another interesting characteristic of x-ray radiation is that when the photons are absorbed, they may cause objects to fluoresce, emitting lower energy level radiation. Just like visible light, x-rays can produce an image in a photosensitive film, such as photographic film or x-ray film, which can then be made visible by development; nowadays, modern x-rays systems use electronic detectors such as CCD detectors instead of film.

1.2.2 X-rays system


The major components of an x-ray system can be seen in figure 1 and are

· Generator

· X-ray tube

· Control panel

· Beam modifiers


Figure 1. Block diagram of an X-ray system


The generator is the equipment that converts the electrical power into high voltage that is needed to accelerate the electrons.


The x-ray tube is where the voltage provided by the generator will be converted into an x-ray beam. The x-ray tube has two main components: the cathode and the anode.


The cathode is the negative electrode. This component of the tube consists of a thin wire, called the filament, which is wound in the form of a coil. The filament is mounted on a holder forming the focusing cup.


The anode is the positive electrode and may be stationary or rotating. A plate of metal of about 10 to 15 mm2 and a thickness of about 3 mm is placed at the centre of the anode, this plate is called the target. The most common material used for the target is tungsten, but molybdenum targets may also be found. Whichever the material is, the important characteristic is that it has to be able to withstand the high temperatures due to the electrons colliding. The small area of the target that the electrons strike is called the focal spot.


If we apply a very high voltage (U) across the cathode and the anode, the free electrons that are in the cathode are accelerated towards the anode, striking the focal spot with tremendous energy ( figure 2).


Figure 2. The x-ray tube. An electron e- hits the focal spot

producing photons of energy h(

The electron potential energy is given by

Epot = e U




(1.2)

where e is the electron charge. The electrons interact with the atoms of the target material and as a result of this interaction approximately 99 % of the energy is converted into heat and 1 % into photons with a kinetic energy given by

E = h (





(1.3)
Where h is Plank’ constant, which has a value of 6.6252 x 10-34 and ( is the frequency of the emitted photons. If all of the electron’s potential energy is used to create a single photon; then the minimum wavelength of that photon for a specific voltage is
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where we have used
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and c is the speed of light.

1.2.3 Interaction of x-rays with matter


X-rays and gamma quanta are very short electromagnetic waves; this causes its energy to be very high, of the order of keV and MeV, respectively. This high energy makes x-rays able to pass through matter quite easy. This doesn’t mean that x-rays do not interact with matter, part of these are either absorbed or scattered from the primary beam. The number of photons that pass through an object depends on the density of the material, its thickness and the energy of the photon.


The number of x-rays dN interacting with matter in a thin layer of thickness dx is proportional to the number of incident quanta N and the thickness of the layer dx. This is 
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where ( is called the attenuation coefficient and is a constant of the material used at a given energy. The minus sign is due to the fact that the number of photons decreases as it penetrates the material.


If we integrate both sides of the previous equation we get
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where N0 is the number of incident photons, d is a the distance that the beam has travelled in the material and N is the number of photons after the beam has travelled a distance d, assuming ( is constant.


There are three effects which cause the number of photons to be reduced. These are the photoelectric effect, scattering and pair production.

1.2.3.1 The photoelectric effect


The photoelectric effect is a phenomenon that happens when a photon hits an electron of the inner shells of the atom. All of the photon energy is transferred to the electron; if this energy is greater than the binding energy, the electron will depart the atom with an energy given by
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where each term can be interpreted as:

h ( = energy content of each photon

Kmax = maximum photoelectron energy

                                            h (0 = binding energy of the electron

This binding energy is also referred as the work function.


The radiation that only suffers the photoelectric effect is called primary radiation.

1.2.3.2 Scattering


In the photoelectric effect the energy of the photon is absorbed when it interacts, but the photon can also interact without loosing all of its energy. When this happens, the photon leaves the atom again but  after it has suffered a change on its direction. There are two types of scattering: coherent and incoherent. If the photon retains all of its energy, it is called coherent or Rayleigh scattering; if it looses part of its energy is called incoherent or Compton scattering [5].


Scattered radiation is also called secondary radiation.

1.2.3.3 Pair production


This is a high energy phenomena, it happens when a photon materializes into an electron and a positron (a pair) when it passes by the nucleus. The two particles fly apart from each other. Since each particle (positron or electron) has a rest energy of m0c2 it is necessary to have a energy of at least 2 m0c2 which is 1.02 MeV. Any other energy will be converted into kinetic energy of any of the particles.


Since Computed Tomography scanners are in the keV range, no pair production effect will be present and it will not be discussed in more detail.


The digital Unit, that this project is intended to use, works with energies in the range of 27 to 28 keV, so there will be both primary and secondary radiation. In other words there will be photoelectric  and scatter interactions, but not pair production

1.3 Computed tomography

1.3.1 Introduction


In classical x-ray techniques, photons pass through the patient projecting all of the parts of the body that they traverse. This will produce a flat, photographic picture of a three dimensional object, the conventional radiograph. The problem with this technique is that we might not be able to see all of the different “objects” that the photons went through, since the image is a superposition of the attenuation of all of them [6]. This makes it difficult for the physician to be able to visualize tumors and other kinds of abnormalities that the patient may have. Sometimes, the physician may ask for another radiograph in a different angle to get more information about the patient. This procedure works, but it is time consuming and could be tedious so it would be better to have a technique that will give us the information of a section of the body. Computed Tomography (CT) is a technique that allows us to visualize a body section.


The first commercial CT scanner, in 1972, was invented by Hounsfield and it has revolutionized medicine, since it allows doctors to see internal organs of the patient without the need of an invasive method. Tomograms are radiographs of a predetermined plane of the body. These exposures are taken in such a way that the x-ray beam usually traverses perpendicular to the longitudinal axis of the human body. The original CT scanner used the information acquired in a 1D detector system to reconstruct a 2D section of the body. Nowadays, CT scanners are used to reconstruct 3D images of the body and even 4D (3D+time) images using different beam geometries or scanning methods.


A few of the most important applications of CT are [5]:

· Evaluation of dynamic image series after contrast medium injections

· Evaluation of dynamic image series after xenon inhalation

· Evaluation of ECG-triggered cardiac images

· CT image for biopsy and stereotaxy

· Generation of images from the dual energy method.

· Determination of the mineral calcium content in the vertebrae.

· CT image in radiation planning.

· Three dimensional reconstruction of a section of interest.

1.3.2 Principle of operation


CT is a special x-ray technique; in this system, the patient lies on a bed while the x-ray tube and the detector system are taking different tomograms of him or her. The way this is achieved depends on the scanner itself and will be discussed in section 1.3.4


The basic principle of Computed Tomography is that it takes different radiographs of the body at different angles. Each one of these radiographs is called a projection. The x-ray tube is placed in front of a detector system, and the patient lies on a bed between the x-ray tube and the detector system. An initial radiograph is taken, then more radiographs are taken at different angles. This is achieved with the rotation of the x-ray tube and the detector system as seen on figure 3. Then, the detector system sends the data to a computer. The data is stored and processed, to display the final image of the body section.


Figure 3. Basic principle of a CT scanner


As mentioned before, CT reconstructs an image based on the projections. The way this image is reconstructed can be [7]

· Analytical

· Iterative

Analytic techniques are fundamentally based on the Fourier Transform and the projection theorem, which states that the Fourier transform of the projection at an angle ( is the Fourier transform of the attenuation function along ( in the transform space. Iterative techniques try to reconstruct the image solving a system of linear equations and Algebraic Reconstruction Techniques (ART) are representative of this group.

1.3.3 Types of CT scanners


Since CT scanners were invented there have been changes to improve the effectiveness of these machines. The beam geometry, the way the tube and detector are arranged and the data acquisition changes from scanner to scanner.


CT scanners have different beam geometries: there can be pencil beam, fan beam and cone beam. The previous two are normally used for 2D image reconstruction while the last one is used for 3D image reconstruction. 

The way the detector system is arranged also varies from scanner to scanner: there are ones where the detector ring is curved while others are not. They can also have a two dimensional detectors system instead of one dimensional detector arrangement. This will depend greatly on the beam geometry that is being used.


The way the data acquisition is made can vary. There are scanners where the x-ray tube and the detectors rotate at the same time around the patient. On the other hand, other systems consist of a circular detector ring which totally surrounds the patient and only the x-ray tube rotates around the patient.


Another type of CT scanner is Spiral CT, that uses a helical rotation to acquire  different body layer images. It uses a continuous rotation while the patient is moved along the axis.

1.4 Simulating a computed tomographic mammography instrument


As mentioned in the breast cancer section of this work, there are no commercial instruments that perform computed tomography mammograms. A system which could be used to perform this task was proposed by McCartney in 2002 [8]. McCartney’s work proposed the use of a Fischer( Digital Biopsy Unit and a gantry unit made with stepping motors that could be attached to the digital unit to simulate a Computed Tomography Mammography (CTM) instrument.

1.4.1 The fischer( mammotest® select™ breast biopsy system


The Fischer® mammotest® select™ breast biopsy system is a machine that is used to obtain breast tissue that can be taken to the pathologist for its study. It performs a number of mammograms at different views, that are used to determine the location of sample tissue that could be removed for later studies. Once, the sample tissue has been localized a vacuum needle is targeted to its position, it penetrates the breast and aspirates a small amount of tissue. This unit is shown in Figure 4, where the compression arm has been pointed out. The compression arm holds the vacuum needle and the compression paddle, these two components can move on the compression arm.

[image: image7.jpg]



Figure 4. The Mammotest® breast biopsy system 

(Fischer Imaging, The Fischer( Mammotest® select™ breast biopsy system,  http://www.fischerimaging.com/mammotest/index.html , visited on April 6, 2003)


One of the most important components of the Mammotest( system is the detector technology that it comes with the following specifications 

· Custom designed, fibre-optically coupled, charge coupled device with an element matrix of 1024 X 1024 pixels with each pixel at 50 µm per side 

· Overall image area of 50mm x 50mm 

· 12 bit analog-to-digital converter 

· Contrast resolution of 4096 gray levels 

· Image display time of 4 seconds

where the information has been taken from Fischer Imaging [9]. 

1.4.2 McCartney’s system


McCartney’s system consisted of a stepping motor gantry unit that could be attached to the Mammotest( system and controlled with use of a PC laptop through a serial communication port. The stepping motor (Figure 5) gantry was composed of two stepping motors which allowed vertical and rotational movement of a phantom. The phantom was placed on the rotational platform that can be rotated by one of the motors. The other motor moves the platform up and down, the combination of these two types of moves could be use to simulate the way a spiral CT scan is achieved.

[image: image8.jpg]



Figure 5. The stepping motors gantry unit with its two motors. The phantom is placed on the platform that can be rotated or moved vertically. (McCartney, L.M., 3D Cone Beam Computed Tomography of Breast Tissue Using a Digital Biopsy Unit. BSc Thesis, Winnipeg, Canada. Electrical & Computer Engineering, University of Manitoba, 2002)

The gantry unit was placed on the compression arm of the Mammotest( unit (Figure 6) where it could be moved towards and away from the x-ray source. This system can be used to obtain radiographs at different views of the phantom that then can be used to generate the three-dimensional image. The algorithm which generates the three dimensional image of the phantom is the purpose of this work and will be discussed in more detail later.

[image: image9.jpg]



Figure 6. Lateral view of McCartney’s system. The stepping motors gantry unit is mounted on the compression arm of the biopsy unit. (McCartney, L.M., 3D Cone Beam Computed Tomography of Breast Tissue Using a Digital Biopsy Unit. BSc Thesis, Winnipeg, Canada. Electrical & Computer Engineering, University of Manitoba, 2002)

CHAPTER 2. Methodology

2.1 Reconstruction techniques


In computed tomography different radiographs are taken from different views of the patient. These radiographs will be referred to from now on as projections. In order to get a two or three-dimensional image of the organs within the body, it is necessary to mathematically reconstruct the image based on the different projections that were taken.


Algorithms for image reconstruction from projections have been developed in the past years and in principle there are two different reconstruction approaches: the  analytical methods, which are based on the Fourier transform; and iterative methods which start with an estimate and then try to reconstruct the image iteratively[7].


Equation (1.6) can be integrated on both sides and expressed in the two dimensional form as
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where the projection value, for a specific view at an angle (, is defined as the negative logarithm of the ratio of the emitted and measured x-ray beam intensity[10]. Denoting the projection value 
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and from (2.1) and (2.2), it can be seen that
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2.1.1 Analytical methods


Analytical methods are based on the Fourier transform, with the Fourier Slice Theorem being the most representative of them.


The Radon transform of an object (Figure 7) is given by
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and is the value obtained integrating through a 2D object on a line that is perpendicular to and intersects the detector element specified by t. Then, the Fourier slice theorem states that the Fourier transform of this projection value at an angle ( is the Fourier transform of the attenuation function along ( in the transform space. The Fourier transform of 
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, expressed as P(  is a line passing through the origin at an orientation (, as seen in figure 8.


Figure 7. Representation of the Radon transform (Mueller, K., Fast and Accurate Three-Dimensional Reconstruction from Cone Beam Projection Data Using Algebraic Methods, Ph D Thesis, Ohio, U.S.A. Ohio State University, 1998.)


One would be tempted to perform the inverse Fourier transform of these lines to obtain the object attenuation function. In order to perform this transform, interpolation would be necessary, but this interpolation will introduce errors, therefore the so called back projection methods are used.


We can express equation (2.4) in polar coordinates as


Figure 8. The projection value on the transform space (Mueller, K., Fast and Accurate Three-Dimensional Reconstruction from Cone Beam Projection Data Using Algebraic Methods, Ph D Thesis, Ohio, U.S.A. Ohio State University, 1998.)
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the last integral states that the attenuation function can be obtained by scaling the transform of the projection by |(| and then performing the one dimensional Fourier transform on them with ( constant, and then backprojecting on the grid with the last integral [11]. 

2.1.2 Iterative methods


In these methods the object is considered to be formed of small elements called pixels for the 2D case and voxels for the 3D case. Since this project is based on a 3D problem, 3D notations will be used from now on.


In iterative methods equation (2.3) is rewritten as a series of the form
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(2.6)

where the fi ‘s represent the density value for the i-th voxel and the wi ‘s represent the contribution that the i-th voxel makes to the ray integral that gives the projection value. These are normally referred to as weights. The wi weight represents or estimates the intersection length of the ray with the voxel. Finally, the sum runs over all of the elements that constitute the object to be reconstructed. Most of the wi’s are zero since only a small number of voxels contribute to any ray sum, i.e, the weight matrix is sparse.

2.1.2.1 Algebraic reconstruction techniques


Algebraic Reconstruction Techniques (ART) were introduced by Gordon, Bender and Herman in 1970. The ART algorithm starts with an initial estimate for each voxel’s value and iterates ray by ray using the measured projection to correct these values. Equation (2.6) can be written as
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for the three-dimensional case, where 
[image: image19.wmf])

,

(

b

a

p

q

 represents the projection value for a specific view at an angle (, that hits the detector element on the a-th row and b-th column 

(Figure 9).

Since the algorithm is iterative let 
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represent the estimated projection value for the voxels’s current estimate of density values.

The ART algorithm is
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Figure 9. Space representation for 3D ART

where 
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 is the measured projection value at the detector element of the a-th row and b-th column, and N( is the number of points the ray intersects.


The iterative process is usually started with all reconstruction elements set to a constant (
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). On each iteration the difference between the actual data for a projection element and the sum of the reconstruction elements is calculated as 
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. The correction is evenly divided among the (N() reconstruction elements and added to them. If the correction is negative, it may happen that the calculated density for a reconstruction element becomes negative, in which case it is set to zero by the max operator.


In general, the new values for the reconstruction elements may be found by the equation [12]
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(2.10)

where equation (2.9) is obtained with
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There are different types of ART that have been developed, which present variations on the way the correction is made.

2.1.2.2 Multiplicative algebraic reconstruction techniques


The Multiplicative Algebraic Reconstruction Technique (MART) is a variation of the ART algorithm. MART corrects the voxel’s value in a multiplicative fashion and is described by the equation
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which corresponds to
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values for equation (2.10). 


Multiplicative ART must be started with an initial guess different from 0, and has the advantage that no negative values will appear and that once the value of a voxel is set to zero it retains this value in subsequent iterations. If the measured projection is equal to zero, then all of the voxels that were traversed by the rays will be set to zero, indicating that none of them contribute to the ray sum.

2.2 Homogeneous coordinates


Many graphics applications involve sequences of geometric transformations. In our case for example we will be performing translation and rotations, but other transformations such as shearing, reflection and scaling may be necessary in other applications. These transformations can be carried out easier as matrix multiplications of the form 
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where P’ is the vector obtained after the transformation to P with the matrix A, rather than calculating the new coordinate with equations for each coordinate. For example the new x’ coordinate after a rotation around the z axis of an angle ( is 
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where x and y are the coordinates before the rotation. Similar equations hold for the y and z coordinates.


We are used to specifying the position of a point in 2D space by two coordinate dimensions and a point in 3D space by three coordinate dimensions. We will now represent a point in 2D space by three coordinate dimensions and a point in 3D space by four coordinate dimensions.


To express any three dimensional transformation as a matrix multiplication, we represent each Cartesian coordinate position (x, y, z) with the homogeneous coordinate (xh, yh, zh, t), where
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We can choose the homogeneous parameter t to be any nonzero value. Consequently the representation of a point is no longer unique, only the ratios are important. A convenient choice is to set t = 1. Each three-dimensional position is then represented with homogeneous coordinates (x, y, z, 1). Expressing positions in homogeneous coordinates allows us to represent all geometric transformation equations as matrix multiplications. 

2.2.1 Translation


In a three dimensional homogeneous coordinate representation, a point P’(x’, y’, z’,1) can be translated from position P(x, y, z,1) with the matrix operation
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With the expanded form
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where the parameters tx, ty and tz, specify the translation distances on the directions x, y and z respectively.

2.2.2 Rotations


The three rotational matrices around the x, y and z axis are Rx, Ry and Rz respectively and are given by[13]:
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where (x , (y and (z are the rotation angles around the x, y and z axes respectively. Using a right handed convention system all positive angles produce counterclockwise rotations about a coordinate axis (Figure 10).


Figure 10. Positive rotation angles

2.2.3 Combined rotations


The need to define the outcome of two or more successive rotations about two or more different axis is a common problem. The problem is that rotations in three dimensions, unlike two dimensions, are non-commutative; which means that a rotation Ry followed by a rotation Rz does not produce the same positional changes as the rotation Rz followed by Ry. Therefore, special care should be taken to apply the matrices in the right order.

2.2.4 Rotation about an arbitrary axis


All of the above transformation matrices work for rotations that are carried out about the origin axes, but it is clearly a common requirement that rotations about other origins may be required. This can be achieved with a set of transformations involving combinations of translations and coordinate axes rotations.


When an object is to be rotated abut an axis that is not parallel to one of the coordinate axes we would have to perform rotations to align the rotation axis with a selected coordinate axis and to bring the axis back to its original position. We can perform the desired rotation with the following steps

1. Translate the object so its rotation axis passes through the origin.

2. Rotate the object in a way that the axis of rotation coincides with one of the coordinate axes.

3. Perform the specified rotation about the selected coordinate axis with its appropriate matrix.

4. Apply the inverse transformation to bring the object to its original position

2.3 Ray tracing

One of the most important steps found in the problem of reconstructing an image from projections is determining the radiological path that a ray follows, in other words, to find exactly which voxels the ray hit on its way from the source to the detector. The problem of calculating this radiological path can be found in CT, MRI, PET and even radiation therapy applications.


Finding the elements where the ray passed through in an exact way is not trivial and is time consuming. One of the best algorithms to perform this task is the one proposed by Siddon in 1985 [14]. This algorithm identifies the data as if it were composed of three orthogonal sets of equally spaced planes rather than the usual approach of the data being constituted of voxels.

2.3.1 Siddon’s algorithm


Equation (2.7) defines the projection value which constitutes the radiological path of the ray. Siddon’s algorithm is a valuable tool that yields the value of this projection. As stated above, the reconstructed elements will be treated as the intersection volumes of three orthogonal and equally spaced planes rather than voxels.


In order to understand notations Figure 11 shows a schematic view of the two dimensional problem with the definitions of the notations to be used. Since generalization to the three dimensional case is straightforward, expressions for the 3D case will be presented.


The ray that goes from point 1 to point 2 may be represented parametrically as


[image: image39.wmf])

(

)

(

)

(

)

(

)

(

)

(

1

2

1

1

2

1

1

2

1

Z

Z

Z

Z

Y

Y

Y

Y

X

X

X

X

-

+

=

-

+

=

-

+

=

a

a

a

a

a

a
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where ( is the parameter value that takes values from 0 to 1.


Figure 11 Schematic representation of the reconstruction problem. The pixels are defined by the intersection of the orthogonal planes . There are Nx planes on the y direction and Ny on the x direction, giving a total of (Nx-1, Ny-1) pixels array. The distance from one plane to the next one is dx  for the planes defined by the x-axis and dy for the ones by the y-axis. f(i,j) represents the pixel density values . The distance from the origin to the first plane in the x direction is Xplane(1) and Yplane(1) in the y direction. The ray goes from P1 to P2 . The entrance and exit points of the ray through the pixel grid define (min and (max in equation 2.23.


Let’s think of a CT array which consists of a (Nx-1, Ny-1, Nz-1) voxels, where Nx, Ny and Nz are the number of planes on the specified direction. The equations that give us the sets of orthogonal planes are
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The parametric values, if X2 ( X1, of the sides are given by
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with similar expressions for (y(1), (y(Ny), (z(1) and (z(Nz).


Then the (min and (max values are calculated with the use of 
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these values will now be used to calculate the range of indices (imin,imax), (jmin,jmax) and (zmin,zmax). This is achieved with 


If (X2-X1) ( 0 , 
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where similar notations hold for j and k. The next step in the algorithm is to create the {(x}, {(y} and {(z} arrays. These ( values represent the intersection of the ray with the x, y and z direction planes. The (x array, with similar equations for (y and (z, is formed with the use of the following


If (X2-X1)>0
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The arrays formed above are in ascending order. The intersections of the ray with all the planes are found by merging the {(x}, {(y} and {(z} arrays into one set, where the (min and (max are also appended to the new {(} set, which has the form
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and is formed of n+1 elements, where n is given by
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Once the {(} array has been formed it is possible to calculate the voxel that was hit and its intersection length with the ray as well. 


Defining the Euclidian distance from point 1 to point 2 as
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then the intersection length formed by the m and (m-1) intersections of the {(} array, which are the weights of equation (2.6), is calculated with 
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where ( is taken from the {(} array. For the m and (m-1) intersections, the voxel’s index is determine by the midpoint of these two intersections, then the indices may be found with
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where the (mid gives the midpoint from the (m-1) to the m intersections and is given by
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Finally the projection value can be obtained by performing the sum over the n elements of the {(} array. This is achieved with
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2.4 Image reconstruction


The image reconstruction will be done with a cone beam approach and using a Multiplicative Algebraic Reconstruction Technique. This gives us the advantage of being able to reconstruct the 3D image with one spin of the phantom, while other techniques may only reconstruct a 2D image with one spin. 

2.4.1 System geometry 


For the purpose of image reconstruction it is of importance to have a clear idea of the system geometry that will be used. The system is based on McCartney’s previous work that was discussed in the previous chapter. 


The system ( Figure 12) consist of an x-ray source that produces a diverging x-ray beam with cone geometry. In front of the x-ray source there is a detector matrix that consists of 1024 ( 1024 elements, with each element having a 50 (m width. The detector matrix and the x-ray source are mounted on the same arm, which is the compression arm of the Fischer( Mammotest( unit. The stepping motor gantry unit is placed somewhere between the x-ray source and the detector matrix, on the same compression arm. The Phantom is placed on the rotational platform of the gantry unit, where it can be rotated around an axis that passes through the platform and is perpendicular to it.


Every ray is defined by two points: the x-ray source and the detector that it hit. In  x-ray computed tomography the rays traverse the phantom at different views, which is the reason why homogeneous coordinates will be used to calculate the position of the two points after a rotation has been done.


Figure 12. The system geometry


Once the new positions of the points are known, Siddon’s algorithm will be used to trace the phantom. To implement Siddon’s algorithm the phantom is digitised by representing it as if it were composed of voxels. 


Once the radiological path has been calculated the voxel array is initialised with a value that has a value from 0 to 1 and Multiplicative ART is used to correct the voxels’s values with the measured information.

CHAPTER 3. Results

3.1 Defining the view


A figure (Figure 12) showing the system geometry was shown in chapter 2 and it will be useful to define the view.

Three dimensional images were reconstructed so it is important to understand what the system looks like and what we are visualizing. In reference to Figure 12, a phantom is placed on top of a rotational platform and it represents the object to be reconstructed. From the programming point of view, this phantom has to be digitized, therefore it will be represented as a voxel grid. This voxel grid consists of a set of two dimensional arrays as shown in Figure 13.


Figure 13. A three dimensional array of data consisting of a set of two dimensional arrays of data

Inside this voxel grid, one can define any arbitrary object such as a phantom (Figure 14).


Figure 14. The voxel grid with the phantom defined in it.


The system geometry (Figure 12) may be represented as the voxel grid, with the phantom defined in it, placed somewhere between the detectors plane and the X ray source, as shown in figure 15. 

Figure 15. The voxel grid as part of the system geometry. The phantom is defined inside the voxel grid. 


In order to visualize the Phantom, images of the voxel grid will be used.

3.2 Simulation


As previously explained, CT is a technique where different projected images are taken of the patient that will be used to reconstruct the image. If an image is going to be reconstructed with this technique, it is necessary to have projections at different views. Simulations are useful tools used to represent a physical phenomena. Therefore simulation will be used to obtain the required projections for the image reconstruction and then the results obtained may be compared with the simulation.


For the purpose of this work the simulation of the phantom may be done by assigning specific values in the voxel grid. The attenuation suffered by the x-rays will be simulated by the use of equation (2.7). 


The next figure shows a phantom in the voxel grid that will be used to obtain the necessary projections. The voxel grid was defined as a 64 x 64 x 64 elements array, where
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Figure 16. The Phantom used to obtain the simulated projections.

most of the elements are zero except for the prism elements which have a constant arbitrary value of 80 on a grey scale range of 0 to 255. The prism is formed by the elements from rows 20 to 23, columns 30 to 35, and depth 20 to 25. This will be denoted as (20:23, 30:35, 20:25).


According to figure 12, the phantom is placed on top of a rotational platform. The voxel grid showed in figure 16, is traversed by the rotational axis which is normal to the faces formed by the columns and depth axes (top and bottom faces in figure 16). The phantom will be rotated an angle ( and the projection will be calculated. The next figure shows 4 projections taken at 90º for the phantom of figure 16. The detector matrix consist of 64 ( 64 elements.
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Figure 17. The cone beam projections obtained by rotating 0º, 90º, 180º and 270º the phantom shown in figure 16. The x-ray source would be along a perpendicular line coming out of the page.


The projections can now be used to reconstruct an image.

3.3 Reconstruction


This is the most important part of the project, the projections previously obtained will be used to reconstruct the 3D image of the prism with MART. Recalling section 2.1.2.2, MART must be initialized with values different from zero, all of the following reconstructed images were achieved by setting the voxels equal to one at the beginning of the iteration process. The following images will show isosurfaces. “Isosurfaces are constructed by creating a surface within the volume that has the same value (isovalue) at each vertex. Isosurface plots are similar to contour plots in that they both indicate where values are equal. Isosurfaces are useful to determine where in a volume a certain threshold value is reached”. [15]


Using the four projections showed in figure 17, an image was reconstructed with one iteration. The reconstructed image is showed in figure 18, where the isosurface was made by joining an 80 voxel isovalue (threshold value).
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Figure 18. A reconstructed image using 4 projections and one iteration.

Another helpful tool that can be used to analyze the reconstructed image, is the voxel grid histogram. The histogram shows the number of times each gray-scale value appears in the voxel grid. The histogram corresponding to the image showed in figure 18 is displayed as figure 19. By looking at the histogram, it can be seen that most of the values are either zeros or ones, which is expected since all of the values were initialized as ones and most of them should become zeros. It can also be seen that most of the values correspond to low density gray-scale values.
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Figure 19. The histogram of the reconstruction using 4 projections and one iteration

Figure 20 shows the same reconstructed image, but this time, the isosurface was made by joining isovalues of 3. It can be seen that the prism was reconstructed, but at the same time, four lines are also displayed. This four lines are consequence of the four projections used and are values that were never set to zero.
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Figure 20. The reconstructed image with 4 projections and one iteration. This time the isosurfaces were formed by joining the values of 3.

3.3.1. Different number of projections


The previous reconstructed image was made by using four projections taken at 90º each one, but images might be reconstructed by using different number of projections taken at different angles. Programs were run using angle increments of 3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90 and 120 degrees.


Figure 21 shows the reconstructed image obtained by taking 3 projections at 120º steps and by joining isovalues of 1. Notice that the 3 projections are clearly defined by the six objects (one in front and one behind the prism, which is at the centre) formed at 0, 120 and 240 degrees. The histogram obtained for it is very much similar to the one obtained with 4 projections taken at 90º. 
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Figure 21. The reconstructed image obtained using 3 projections and one iteration. The arrows show the directions of the projections at each angle.


The image above was made by joining isovalues of 1, isosurfaces with the same isovalue were formed for the reconstruction obtained with the other angle steps. An interesting result was seen with an angle step of 40º, figure 22. No other elements besides the central prism was displayed, this means that all of the elements with a density value bigger than one are located inside the prism. This result is also obtained for all the reconstructions using smaller angle steps, except for 36º where two additional objects are formed.


The best result was obtained using 20 projections, which corresponds to an 18º angle step and its result can be seen in figure 23. As mentioned before all of the values bigger than one are located inside the prism, therefore only the prism is displayed in the figure. The original Phantom is also shown in figure 24 in order to compare it with the reconstruction. It is important to note that both figures show the prism at the same positions and that the reconstructed prism is divided it two parts.
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Figure 22. The reconstruction obtained using 9 projections and one iteration. All of the values bigger than one are located inside the prism.
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Figure 23. The reconstruction obtained using 20 projections and one iteration.
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Figure 24. A closer look of the original phantom.


In order to compare the reconstructed image and the original phantom, the histograms are used; figure 25 shows the histogram corresponding to the prism reconstructed using an 18º angle step. Meanwhile, the histogram corresponding to the original phantom is shown in figure 26. Both histograms show a peak value corresponding to a gray density value of 80, which is the value that the phantom was initialized with. The difference is in the number of times the 80 value occurs. As shown in the histograms the phantom has a frequency of 144 while the  reconstructed image 8.
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Figure 25. The histogram of the reconstructed image using 20 projections and one iteration
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Figure 26. The histogram corresponding to the original phantom.

3.3.2.Increasing the number of iterations


Just as the reconstruction may be done using different number of projections, it may also be done with a different number of iterations. Programs were run by using 4 projections but this time with 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10 iterations.


Figure 27 shows the reconstruction obtained by reconstructing the image with 4 projections taken at 90º increments and one iteration, the isosurface was formed by joining isovalues of 1. Figure 28 shows the image obtained after reconstructing using 4 projections and 10 iterations. When reconstructing using 2, 3, 4, 5, 6, 7, 8, and 9 iterations it can be seen a gradual change from the figure 27 to figure 28.
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Figure 27. The reconstructed image using four projections and one iteration by joining isovalues of 1.
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Figure 28. The reconstructed image obtained using 4 projections and ten iterations by joining isovalues of 1.

3.3.3 Different Phantom


In order to observe how the reconstruction performs, a different phantom was defined. This new phantom consisted of a three dimensional cross that would show how well the reconstruction works on the three directions (rows, columns and depth; as seen on figure 16). The 3D cross is presented as figure 29. The phantom was formed as the intersection of 3 prisms defined as (20:40,30:32,30:32), (30:32,20:40,30:32) and (30:32,30:32,20:40).


The reconstruction is showed as figure 30; it was achieved with 20 projections and one iteration. The next figures show the same reconstruction, this time from three different views along the three axes shown in figure 16.
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Figure 29. A 3D cross as the new phantom
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Figure 30. The reconstruction of the 3D cross using 20 projections and one iteration.
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Figure 31. One view of the reconstructed 3D cross as seen along the depth direction.
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Figure 32. One view of the reconstructed 3D cross as seen along the columns direction.
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Figure 33. One view of the reconstructed 3D cross as seen along the rows direction.

3.3.4 Reconstruction time


In medical imaging it is common to deal with a large data set, which makes the reconstruction time large too. All of the reconstructions were made using a 64 ( 64 elements detector matrix and a 64 ( 64 ( 64 voxel grid. The following results were obtained using a PC with an AMD Duron (tm) processor with 64 MB of RAM. Equation 3.1 relates the number of projections used and the time (in minutes) to reconstruct the image, using one iteration. 
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(3.1)

where:

t = The time spent in order to reconstruct the image in minutes

Np = The number of projections used


Increasing the number of iterations also increases the reconstruction time, equation 3.2 relates the number of iterations with the spent time in minutes using four projections.
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(3.2)

where

t = The time spent in order to reconstruct the image in minutes.

Ni = The number of iterations used.

CHAPTER 4. Discussion, conclusion and further work


In order to evaluate the results obtained it is important to keep in mind that the main purpose of this dissertation was to reconstruct a three dimensional image based on the projections from an object.

4.1. Discussion of the results


Let’s analyze figures 23 and 24, where the best reconstructed image and the original phantom are shown respectively. It can be seen that the reconstructed image has a similar form to the original phantom (the prism) and it is located at the same position, since it has the same coordinates in the voxel grid than the original phantom. Nevertheless, it is clear that the reconstructed image is not the same that the original phantom. The reconstructed image is cut into two pieces, where one is bigger than the other. The reconstructed image shows two  different prisms that are separated by an empty line along the columns direction.


Looking at the histograms of figures 25 and 26, it can be seen that the reconstructed image and the original phantom have an 80 peak gray scale value; which is desirable. These peaks are seen neglecting the 0 and 1 values, which have a much bigger (in the order of 104) frequency in the grid. Even if both histograms show a similar tendency, it is also clear that there is a big difference in the number of times the gray scale values appear in the voxel grid. In the original phantom histogram there is a frequency of 144 for the 80 gray scale value, while the reconstructed image histogram has a frequency of just 8. This means that the program is reconstructing the image with different values that are smaller and bigger than the desired ones. This can also be appreciated by comparing figures 18 and 20, where the first one only shows values above 80, while figure 20 shows values above 3 and it has a closer shape than that of the phantom.


As mentioned on the previous chapter, increasing the number of iterations may also change the reconstructed image. Figures 27 and 28 show the reconstructed images using the same number of projections, but using 1 and 10 iterations respectively. Figure 28 shows an image “cleanup”, specially at the values which don’t lie inside the prism. Unfortunately, the image cleanup also affects the desired prism. The images obtained when using intermediate number of iterations, show a gradual cleanup from figure 27 to figure 28.


It is also important to examine if the reconstructed images are in concordance with the system geometry (a cone beam that traverses a phantom which is rotated). Figure 21 shows three lines, which is understandable since only three projections are being used. Another interesting result is that the objects that form the three lines have different heights (measured along the rows axis), this is a consequence of the cone beam geometry used which diverges from the source. Figure 20 also shows 2 lines, which are the result of using 4 projections. Since the projections were taken at 0º, 90º, 180º and 270º, the diverging effect of the cone beam is cancelled, that is way the objects formed have the same heights.


The three dimensional cross section shows an interesting result, it shows that the reconstruction doesn’t work well along the columns direction, which was already seen on the discussion of figure 23 (The reconstructed prism is divided in two parts). Figure 31 shows the reconstructed three dimensional cross without the information on the depth axis. Figures 32 and 33 also show the reconstructed cross but they do not show the information on the columns and rows axis respectively. It can be seen on figures 31 and 33 the lack of accuracy along the columns direction, the line that it should go from columns 20 to 40 is divided into little pieces. On the other hand, figure 32 shows that its reconstructed lines are more solid.

4.2 Conclusions

1.  A program has been made which uses homogeneous coordinates, Siddon’s algorithm and MART to perform a 3D reconstruction that can be easily adapted to the computed tomography mammography equipment proposed by McCartney.

2. The reconstruction obtained shows a lack of accuracy when reconstructing along one of the directions of space, the direction denoted as “columns” in figure 16.

3. The reconstruction works properly in the sense that it does reconstruct an image at the desired location in the voxel grid.

4. The values obtained for the reconstruction grid are disperse, with best results obtained with an 18º angle step and one iteration. 

4.3. Further Work


Since the reconstruction is based on an iterative algorithm, many different programs may be run by varying parameters such as the angle step, iterations number and the voxels initial values. Furthermore, by varying one of the previously mentioned parameters, the other two may be varied so there is huge number of combinations to try.


Different algorithms may be used to trace the phantom. Algorithms like the one proposed by Jacobs, Sundermann, De Sutter, Christiaens and Lemahieu[16] may require less time to perform the reconstruction using a different technique to calculate the radiological path.

APENDIX A. Source codes for Matlab

Simulation.m

%

% This program is part of "Multiplicative Algebraic Reconstruction Techniques

%           for 3D cone beam CT of the breast" written by Jorge Alpuche

%


March 20, 2003

%

clear

tic

DetectorSize=64;
% The number of elements on the detector on each dimension

h=853;



% This is an analogy, in the real case 1024:13640(682 mm)=64:h

RotationPosition=375;
% Another analogy from 1024:6000(30 cm)=64:RotationPosition

AngleStep=10;           %The angle of rotation

ProjectionsNumber=360/AngleStep;       %The number of radiographs to be taken

NormalY=32;         

NormalZ=20;

DetectorImage=zeros(DetectorSize, DetectorSize, ProjectionsNumber);

InitialVertical=-44;
%Defining the initial vertical position of the base of the grid

Phantom=uint8(zeros(DetectorSize, DetectorSize, DetectorSize));

Phantom(20:23,30:35, 20:25)=3; The first prism of Chapter 3

%

%Phantom(20:40,30:32,30:32)=30;

%Phantom(30:32,20:40,30:32)=30; % The 3d cross

%Phantom(30:32,30:32,20:40)=30;

%

% Actual computation

%

% Defining the first translation matrix, which moves the reference system where the

% rotational axis is

%

T_1=[1 0 0 -RotationPosition;...



0 1 0 0;...


               0 0 1 -(InitialVertical);...


  

 0 0 0 1];   

%

% Second translation which moves the reference system out of the voxel grid

%

T_2=[1 0 0 (DetectorSize/2+1);...

     
0 1 0 (DetectorSize/2+1);...

     
0 0 1 1;...

     
0 0 0 1];

Nx=DetectorSize+1;

Ny=DetectorSize+1;

Nz=DetectorSize+1;

dx=1;

dy=1;

dz=1;

for a=0:ProjectionsNumber-1

    theta=a*AngleStep;

    theta=theta*pi/180;

    % Defining the rotation matrix for the theta angle

    rz_1=[cos(-theta) -sin(-theta) 0 0;...


sin(-theta) cos(-theta) 0 0;... 


0 0 1 0;...


0 0 0 1];


for o=0:DetectorSize-1

% o determines the number of row on the detector plane

   
    for p=0:DetectorSize-1

% m determines the column on the detector plane

      
       DetectorY=-NormalY+0.5+p;   % The point is the centre of the detector of the 

                     DetectorZ=NormalZ-0.5-o;    % o-th row and m-th column

                     Point1=[h,0,0,1]';

                     Point2=[0,DetectorY,DetectorZ,1]';

                     Point1=T_2*(rz_1*(T_1*Point1));  

                     Point2=T_2*(rz_1*(T_1*Point2));

            % Siddon´s algortihm

                     AlphaMin=max([0,min(alphax(1,Point1(1),Point2(1)),alphax(Nx,Point1(1),Point2(1))),...

                                        min(alphay(1,Point1(2),Point2(2)),alphay(Ny,Point1(2),Point2(2))),...

                                        min(alphaz(1,Point1(3),Point2(3)),alphaz(Nz,Point1(3),Point2(3)))]);

                     AlphaMax=min([1,max(alphax(1,Point1(1),Point2(1)),alphax(Nx,Point1(1),Point2(1))),...

                                        max(alphay(1,Point1(2),Point2(2)),alphay(Ny,Point1(2),Point2(2))),...

                                        max(alphaz(1,Point1(3),Point2(3)),alphaz(Nz,Point1(3),Point2(3)))]);

            % Determining the entrance and exit points

            %

            % for i

                     if Point2(1)>Point1(1)

                         imin=Nx-(Xplane(Nx)-AlphaMin*(Point2(1)-Point1(1))-Point1(1))/dx;

                         imax=1+(Point1(1)+AlphaMax*(Point2(1)-Point1(1))-Xplane(1))/dx;

                     else

                         imin=Nx-(Xplane(Nx)-AlphaMax*(Point2(1)-Point1(1))-Point1(1))/dx;

                         imax=1+(Point1(1)+AlphaMin*(Point2(1)-Point1(1))-Xplane(1))/dx;

                     end

            % for j

                     if Point2(2)>Point1(2)

                         jmin=Ny-(Yplane(Ny)-AlphaMin*(Point2(2)-Point1(2))-Point1(2))/dy;

                         jmax=1+(Point1(2)+AlphaMax*(Point2(2)-Point1(2))-Yplane(1))/dy;

                     else

                         jmin=Ny-(Yplane(Ny)-AlphaMax*(Point2(2)-Point1(2))-Point1(2))/dy;

                         jmax=1+(Point1(2)+AlphaMin*(Point2(2)-Point1(2))-Yplane(1))/dy;

                     end

            % for k

                     if Point2(3)>Point1(3)

                          kmin=Nz-(Zplane(Nz)-AlphaMin*(Point2(3)-Point1(3))-Point1(3))/dz;

                          kmax=1+(Point1(3)+AlphaMax*(Point2(3)-Point1(3))-Zplane(1))/dz;

                     else

                          kmin=Nz-(Zplane(Nz)-AlphaMax*(Point2(3)-Point1(3))-Point1(3))/dz;

                          kmax=1+(Point1(3)+AlphaMin*(Point2(3)-Point1(3))-Zplane(1))/dz;

                     end

            % Creating the alpha's array

            %

            % for x

                     if Point2(1)>Point1(1)

                          Alpha_x_Array=alphax(imin:imax, Point1(1), Point2(1));

                     else

                          Alpha_x_Array=alphax(imax:-1:imin, Point1(1), Point2(1));

                    end

            % for y

                    if Point2(1)>Point1(1)

                          Alpha_y_Array=alphay(jmin:jmax, Point1(2), Point2(2));

                    else

                          Alpha_y_Array=alphay(jmax:-1:jmin, Point1(2), Point2(2));

                    end

            % for z

                    if Point2(1)>Point1(1)

                        Alpha_z_Array=alphaz(kmin:kmax, Point1(3), Point2(3));

                    else

                        Alpha_z_Array=alphaz(kmax:-1:kmin, Point1(3), Point2(3));

                    end

            % we have to merge the alpha's arrays

            %

                    Alpha_xyz=[AlphaMin,Alpha_x_Array,Alpha_y_Array,Alpha_z_Array, AlphaMax];

                    Alpha_xyz=sort(Alpha_xyz);

            % The number of elements in the Alpha_xyz array

            %

                    n=imax-imin+1+jmax-jmin+1+kmax-kmin+1+1;

            % The euclidian distance from Point1 to Point2 is

            %

                    Distance=sqrt((Point2(1)-Point1(1))^2+(Point2(2)-Point1(2))^2+(Point2(3)-Point1(3))^2);

            % we calculate the Projection value

            %

                    Projection=0;

           for m=1:(n-2)

                %Calculating the voxel index

                %

                i=round(1+(Point1(1)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(1)-Point1(1))-...

                    Xplane(1))/dx);

                j=round(1+(Point1(2)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(2)-Point1(2))-...

                    Yplane(1))/dy);

                k=round(1+(Point1(3)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(3)-Point1(3))-...

                    Zplane(1))/dz);

                % Calculating the intersection lenght of the ray with the voxel i,j,k

                %

                IntersectionLength=Alpha_xyz(m+1)-Alpha_xyz(m);

                if ((1<=DetectorSize-k+1)&(DetectorSize-k+1<=64))

                    logic_1=1;

                else

                    logic_1=0;

                end

                if ((1<=j)&(j<=64))

                    logic_2=1;

                else

                    logic_2=0;

                end

                if ((1<=DetectorSize-i+1)&(DetectorSize-i+1<=64)) 

                    logic_3=1;

                else

                    logic_3=0;

                end 

                % adding to the projection value the contribution of the i,j,k voxel

                if (logic_1*logic_2*logic_3)

                Projection=Projection + ...

                    IntersectionLength*double(Phantom(DetectorSize-k+1,j,DetectorSize-i+1));

                end

            end

            DetectorImage(o+1,p+1,a+1)=Distance*Projection;

        end

    end  

end

SpentTime=toc

Reconstruction.m

%

% This programs is part of "Multiplicative Algebraic Reconstruction Techniques

% for 3D cone beam CT of the breast" written by Jorge Alpuche, this program 

% 


      performs the reconstruction 

%



March 29, 2003

%

tic

DetectorSize=64;
% The number of elements on the detector on each dimension

h=853;



% This is an analogy, in the real case 1024:13640(682 mm)=64:h

RotationPosition=375;
% Another analogy from 1024:6000(30 cm)=64:RotationPosition

AngleStep=90;           %The angle of rotation

ProjectionsNumber=360/AngleStep;       %The number of radiographs to be taken

IterationsNumber=1;

NormalY=32;         

NormalZ=20;

InitialVertical=-44;
%Defining the initial vertical position of the base of the grid

f3d=uint8(ones(DetectorSize,DetectorSize,DetectorSize));
% Preallocating memory to the voxel grid

%

% Actual computation

%

% Defining the first translation matrix, which moves the reference system where the

% rotational axis is

%

T_1=[1 0 0 -RotationPosition;...


    
0 1 0 0;...


              0 0 1 -(InitialVertical);...


  

0 0 0 1];   

%

% Second translation which moves the reference system out of the voxel grid

%

T_2=[1 0 0 (DetectorSize/2+1);...

     0 1 0 (DetectorSize/2+1);...

     0 0 1 1;...

     0 0 0 1];

Nx=DetectorSize+1;

Ny=DetectorSize+1;

Nz=DetectorSize+1;

dx=1;

dy=1;

dz=1;

for it=1:IterationsNumber

for a=0:ProjectionsNumber-1

    theta=a*AngleStep;

    theta=theta*pi/180;

    % Defining the rotation matrix for the theta angle

    rz_1=[cos(-theta) -sin(-theta) 0 0;...





    sin(-theta) cos(-theta) 0 0;... 






0 0 1 0;...






0 0 0 1];


for o=0:DetectorSize-1

% o determines the number of row on the detector plane

   
    for p=0:DetectorSize-1

% m determines the column on the detector plane

      
    DetectorY=-NormalY+0.5+p;   % The point is the centre of the detector of the 

            DetectorZ=NormalZ-0.5-o;    % o-th row and m-th column

            Point1=[h,0,0,1]';

            Point2=[0,DetectorY,DetectorZ,1]';

            Point1=T_2*(rz_1*(T_1*Point1));  

            Point2=T_2*(rz_1*(T_1*Point2));

            % Siddon´s algortihm

            AlphaMin=max([0,min(alphax(1,Point1(1),Point2(1)),alphax(Nx,Point1(1),Point2(1))),...

                min(alphay(1,Point1(2),Point2(2)),alphay(Ny,Point1(2),Point2(2))),...

                min(alphaz(1,Point1(3),Point2(3)),alphaz(Nz,Point1(3),Point2(3)))]);

            AlphaMax=min([1,max(alphax(1,Point1(1),Point2(1)),alphax(Nx,Point1(1),Point2(1))),...

                max(alphay(1,Point1(2),Point2(2)),alphay(Ny,Point1(2),Point2(2))),...

                max(alphaz(1,Point1(3),Point2(3)),alphaz(Nz,Point1(3),Point2(3)))]);

            % Determining the entrance and exit points

            %

            % for i

            if Point2(1)>Point1(1)

                imin=Nx-(Xplane(Nx)-AlphaMin*(Point2(1)-Point1(1))-Point1(1))/dx;

                imax=1+(Point1(1)+AlphaMax*(Point2(1)-Point1(1))-Xplane(1))/dx;

            else

                imin=Nx-(Xplane(Nx)-AlphaMax*(Point2(1)-Point1(1))-Point1(1))/dx;

                imax=1+(Point1(1)+AlphaMin*(Point2(1)-Point1(1))-Xplane(1))/dx;

            end

            % for j

            if Point2(2)>Point1(2)

                jmin=Ny-(Yplane(Ny)-AlphaMin*(Point2(2)-Point1(2))-Point1(2))/dy;

                jmax=1+(Point1(2)+AlphaMax*(Point2(2)-Point1(2))-Yplane(1))/dy;

            else

                jmin=Ny-(Yplane(Ny)-AlphaMax*(Point2(2)-Point1(2))-Point1(2))/dy;

                jmax=1+(Point1(2)+AlphaMin*(Point2(2)-Point1(2))-Yplane(1))/dy;

            end

            % for k

            if Point2(3)>Point1(3)

                kmin=Nz-(Zplane(Nz)-AlphaMin*(Point2(3)-Point1(3))-Point1(3))/dz;

                kmax=1+(Point1(3)+AlphaMax*(Point2(3)-Point1(3))-Zplane(1))/dz;

            else

                kmin=Nz-(Zplane(Nz)-AlphaMax*(Point2(3)-Point1(3))-Point1(3))/dz;

                kmax=1+(Point1(3)+AlphaMin*(Point2(3)-Point1(3))-Zplane(1))/dz;

            end

            % Creating the alpha's array

            %

            % for x

            if Point2(1)>Point1(1)

                Alpha_x_Array=alphax(imin:imax, Point1(1), Point2(1));

            else

                Alpha_x_Array=alphax(imax:-1:imin, Point1(1), Point2(1));

            end

            % for y

            if Point2(1)>Point1(1)

                Alpha_y_Array=alphay(jmin:jmax, Point1(2), Point2(2));

            else

                Alpha_y_Array=alphay(jmax:-1:jmin, Point1(2), Point2(2));

            end

            % for z

            if Point2(1)>Point1(1)

                Alpha_z_Array=alphaz(kmin:kmax, Point1(3), Point2(3));

            else

                Alpha_z_Array=alphaz(kmax:-1:kmin, Point1(3), Point2(3));

            end

            % we have to merge the alpha's arrays

            %

            Alpha_xyz=[AlphaMin,Alpha_x_Array,Alpha_y_Array,Alpha_z_Array, AlphaMax];

            Alpha_xyz=sort(Alpha_xyz);

            % The number of elements in the Alpha_xyz array

            %

            n=imax-imin+1+jmax-jmin+1+kmax-kmin+1+1;

            % The euclidian distance from Point1 to Point2 is

            %

            Distance=sqrt((Point2(1)-Point1(1))^2+(Point2(2)-Point1(2))^2+(Point2(3)-Point1(3))^2);

            % we calculate the Projection value

            %

            CalculatedProjection=0;

            %

            % Calculating the projections for the current voxel values

            %

            for m=1:(n-2)

                %Calculating the voxel index

                %

                i=round(1+(Point1(1)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(1)-Point1(1))-...

                    Xplane(1))/dx);

                j=round(1+(Point1(2)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(2)-Point1(2))-...

                    Yplane(1))/dy);

                k=round(1+(Point1(3)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(3)-Point1(3))-...

                    Zplane(1))/dz);

                % Calculating the intersection lenght of the ray with the voxel i,j,k

                %

                IntersectionLength=Alpha_xyz(m+1)-Alpha_xyz(m);

                if ((1<=DetectorSize-k+1)&(DetectorSize-k+1<=64))

                    logic_1=1;

                else

                    logic_1=0;

                end

                if ((1<=j)&(j<=64))

                    logic_2=1;

                else

                    logic_2=0;

                end

                if ((1<=DetectorSize-i+1)&(DetectorSize-i+1<=64)) 

                    logic_3=1;

                else

                    logic_3=0;

                end 

                % adding to the projection value the contribution of the i,j,k voxel

                if (logic_1*logic_2*logic_3)

                %    if Phantom(DetectorSize-k+1,j,DetectorSize-i+1)~=0

                %        disp('there is a nonzero element')

                %   end

                CalculatedProjection=CalculatedProjection + ...

                    IntersectionLength*double(f3d(DetectorSize-k+1,j,DetectorSize-i+1));

                end

            end

            CalculatedProjection=CalculatedProjection*Distance;

            MeasuredProjection=DetectorImage(o+1,p+1,a+1);

            %

            % Correcting the voxel values

            %

            if CalculatedProjection~=0

                for m=1:(n-2) % 

                    %Calculating the voxel index

                    %

                    i=round(1+(Point1(1)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(1)-Point1(1))-...

                        Xplane(1))/dx);

                    j=round(1+(Point1(2)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(2)-Point1(2))-...

                        Yplane(1))/dy);

                    k=round(1+(Point1(3)+((Alpha_xyz(m+1)+Alpha_xyz(m))/2)*(Point2(3)-Point1(3))-...

                        Zplane(1))/dz);

                    % Calculating the intersection lenght of the ray with the voxel i,j,k

                    %

                    if ((1<=DetectorSize-k+1)&(DetectorSize-k+1<=64))

                        logic_1=1;

                    else

                        logic_1=0;

                    end

                    if ((1<=j)&(j<=64))

                        logic_2=1;

                    else

                        logic_2=0;

                    end

                    if ((1<=DetectorSize-i+1)&(DetectorSize-i+1<=64)) 

                        logic_3=1;

                    else

                        logic_3=0;

                    end 

                    % adding to the projection value the contribution of the i,j,k voxel

                    if (logic_1*logic_2*logic_3)

                    %    if Phantom(DetectorSize-k+1,j,DetectorSize-i+1)~=0

                    %        disp('there is a nonzero element')

                    %   end

                    f3d(DetectorSize-k+1,j,DetectorSize-i+1)=...

                        double(f3d(DetectorSize-k+1,j,DetectorSize-i+1))*...

                        MeasuredProjection/CalculatedProjection;

                    end

                    %

                end % The end of the m loop

                %

            end %The end of if CalculatedProjection~=0

            %

        end % The end of the p loop

        %

    end % The end of the o loop

    %

end % The end of the a loop

end

SpentTime=toc

Xplane.m

function y=Xplane(i)

% This function gives us the Yplane 

% remember that it has its own workspace, since it is a function

Xplane_1=1;

dx=1;

y=Xplane_1+(i-1)*dx;

Yplane.m

function y=Yplane(j)

% This function gives us the Yplane 

% remember that it has its own workspace, since it is a function

Yplane_1=1;

dy=1;

y=Yplane_1+(j-1)*dy;

Zplane.m

function y=Zplane(k)

% This function gives us the Yplane 

% remember that it has its own workspace, since it is a function

Zplane_1=1;

dz=1;

y=Zplane_1+(k-1)*dz;

alphax.m

function y=alphax(x,x1,x2)

% This function calculates the alpha value

y=(Xplane(x)-x1)/(x2-x1);

alphay.m

function y=alphay(x,x1,x2)

% This function calculates the alpha value
y=(Yplane(x)-x1)/(x2-x1);
alphaz.m

function y=alphaz(x,x1,x2)

% This function calculates the alpha value

y=(Zplane(x)-x1)/(x2-x1);

APENDIX B. The obtained reconstructed times. 


Tables B1 and B2 show the obtained reconstructed times by varying the number of projections and iterations used respectively. Data from table 1 was used to obtain equation 3.1 and data from table 2 was used to obtain equation 3.2.

	Number of projections
	Spent time (minutes)

	3
	9.46

	4
	10.25

	5
	16.97

	6
	15.04

	8
	20.61

	9
	21.33

	10
	23.70

	12
	29.16

	15
	37.48

	18
	49.93

	20
	60.57

	24
	66.67

	30
	79.72

	36
	91.77

	40
	94.43

	45
	120.16

	60
	127.55

	72
	147.02

	90
	177.68

	120
	229.58


Table B1. Reconstruction times for a different number of projections with only one iteration

	Number of iterations
	Spent time (minutes)

	1
	10.25

	2
	14.07

	3
	19.20

	4
	34.23

	5
	47.24

	6
	43.27

	7
	58.10

	8
	64.58

	9
	69.50

	10
	74.58


Table B2. Reconstruction times for a different number of iterations with 4 projections


Figures B1 and B2 showed the data corresponding to table 1 and 2 respectively. In both graphs, the interpolated lines corresponding to equations 3.1 and 3.2 are also displayed. The R2 value is a measure of how well does the interpolated line fits the data.
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Figure B1. A graph of the data corresponding to table B1 with its interpolated line. The line equation gives equation 3.1
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Figure B2. A graph of the data corresponding to table B2 with its interpolated line. The line equation gives equation 3.2
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